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Abstract
The aerodynamic effects on a wind turbine blade’s tip region are investigated using the
Lifting Line Theory (LLT). The LL equation is solved using two different approaches: the
Fourier Method (FM) and the Simplification Method (SM). The first method provides an
accurate solution of the equation through the use of Fourier expansions and by assuming a
spesific blade geometry. The latter is basically an interative method where the known res-
ults from the simple two-dimensional strip theory are implemented in the three-dimensional
analysis leading to an explicit scheme. The results are presented in the form of the circu-
lation distribution along the span of the blade and with varying tip region lengths. The
aeroacoustical aspect is briefly discussed.
The Blade Element Momentum (BEM) theory is introduced and suggestions on how
the LLT and the BEM can be coupled together are discussed.
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Preface
All calculations in this thesis have been carried out by hand and only with the lifting-
line equation presented by Newman [21] as a starting point. In addition to this, the
assumed blade geometries, the way of using a sinusoidal chord length in order to solve the
LL equation exactly, the idea of incorporating one of the effects of rotation as an inflow
component in the oposite direction of the lift, the method of deviding the effects of rotation
into two parts and the way of presenting and comparing the results, are all authentic to
this study as it has been difficult to find litterature with similar calculations. Thus, very
few comparisons with published studies have been done.
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Chapter 1
Introduction
Modern studies on wind turbines are mainly focused on optimizing the power output while
reducing the aerodynamic loads on the rotor blades, see the work of Johansen et al. [14],
Benini et al. [7] and Xudong et al. [33]. The blade element momentum (BEM) theory
is widely considered as the most efficient approach within this topic due to its simplicity
and fastness. It is a combination of the blade element theory (BET), originally designed
by William Foude in 1878, and the momentum theory (W.J.M. Rankine, 1865). The
combination was made by Glauert [11]. The BEM is presented in detail by Ingram [10]
and [22]. Unfortunatly, the theory possesses evident limitions due to its dependence on
experimental data on the sectional lift and drag and emperical corrections, as pointed out
in the study of Shen et.al. [34]. There are mainly two corrections applied on the BEM
theory. The first one, Prandtl/Glauert tip-loss correction, rectifies the assumption of an
ideal rotor composed of an infinite number of blades, while the second one, the Glauert
correction, allows the BEM to yield above the theoretical Betz limit. Wilson and Lissaman
[26] introduced a refined tip loss model in 1974. The tabulated lift and drag data are, as
mentioned, obtained from experimental experience. This, in many’s opinion slows down
the blade design development.
The present study suggests an application of the lifting-line theory on wind turbine
blades. The results are presented in the form of a circulation distribution along the span,
which easily can be interpreted as sectional lift and drag coefficients. In a best case scenario,
these results could be implemented in the BEM method instead of the tabulated data.
The lifting-line theory was originally developed by Prandtl [24] in 1918. The develop-
ment of this theory provided the first analytical method for accurately predicting lift and
induced drag on a finite lifting surface. The application of this theory to various wing
geometries has been of major importance during the years up til now, see Weissinger’s and
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Phillips’ work on swept-back wings [31], [32]. Prandtl employed a method of asymptotic
expansions to correct the results obtained from the simple two-dimensional strip theory in
order to include the effects of the three-dimensionality of a finite wing. Van Dyke presents
a systematic discussion of this method in his book [6]. The method of asymptotic matching
suggests that the flow problem can be solved according to the point of view of two observ-
ers; one placed close the lifting surface and the other one far from it. The strip theory
then yields for the first observer, while the second observer notices the three-dimensional
effects in form of trailing vorticity, which is a consequence of the conservation of circulation
law. The trailing vorticity induces a downwash that reduces the effective angle of attack.
Therefore, the effective circulation is lower than the one obtained from the simple two-
dimensional analysis. The BEM handles this fenomena with a slightly different appraoch.
It focuses on the induced velocities in the wake of the lifting surface. BEM’s goal is to find
these induced velocities so that the forces and moments acting on the wing/blade can be
computed. The end product of Prandtl’s theory is the famous lifting-line equation which
is a singular integrodifferential equation. The equation is sufficiently complicated that it
cannot be solved for general planforms without resorting to numerical approximations.
Luckily, there is one exception in the form of the sinusoidal chord distribution, l(z) ∝ sin θ
implemented in an analysis that involves Fourier expansions. This particular geometry
is closely analysed in this study. There are other ways of approaching the LL equation
assuming a set of simplifications. In this thesis, one of such approximative methods is
applied under the term Simplification Method (SM). Other alternative treatments of the
lifting-line theory are presented by Kida et.al. [29], Stewartson [28] and Sivells et.al. [13].
With an additional rotation mode prescribed to a lifting surface, the flow problem be-
comes even more complicated. Sclavounos [23] applies a method of asymptotic expansions
for solving the lifting-line theory for wings undergoing time-harmonic oscillations. The
time dependency is not an issue for wind turbines as these are often designed to maintain
a constant rotational velocity. Nevertheless, the rotation itself induces additional tangen-
tial velocities that increase linearly in the spanwise direction. These velocities need to be
taken into account as they can become more significant than the initial wind velocity. So
an effective velocity field of varying magnitude and direction has to be considered as the
new inflow. In order to produce maximum lift, each blade section needs to be orientated
in a proper way. Actually, in the BEM method each blade section is oriented so that the
rotation inflow component is nearly parallel to the chord direction, i.e. x-direction, see
Figure 6.3. Meanwhile, in this study we assume that the wind direction is proportional to
the chord in a similar way as in the strip theory, while the rotational inflow component
is assumed to be parallel to the lift direction, i.e. negative y-direction. The spanwise de-
pendency of the effective inflow is the reason behind the twisted shape observed in modern
wind turbine blades.
2
Over the last years, the wind turbine community has started to look at CFD methods
to complement wind tunnel and in field tests on the understanding of the complex flow
physics around rotating wind turbine blades. CFD codes are able to compute 3D and
rotational effects and can be used to calculate all flow variables around a given geometry.
These codes can thus prove useful on the calculation of aerodynamic coeffcients required
by engineering methods and on the explicit determination of loads since no corrections are
necessary.
The tip region of a blade or a wing is often a topic of great interest within aeronautics
and wind turbine design. That is due to the important effects that are generated in this
particular region such as the shed vorticity. It is well known that the geometry of a rotor tip
influences the aerodynamic damping and aeroacoustics. Numerous studies are dedicated
to the investigation of the impact of the tip region geometry on these effects. Ferrer and
Munduate [8] compare the flow physics around three wind turbine blade tips using a full
Navier-Stokes code. Their work also shows how CFD can complement BEM methods in
the design process. The same type of work is done by Johansen and Sørensen [15]. Even
the effects of adding winglets have been investigated by amongst other Richter et al. [9].
The aeroacoustical aspect of wind turbines has triggered a great amount of discussions
and debates not only at a scientifical level but also at a political level. It is a fact that
wind turbines do produce noise not only mechanically due to the rotor system, but also
aerodynamically. The latter induces higher desibel levels, thus it is of higher interest.
The aerodynamical noise production is strongly connected to the shed vorticity, as it is
explained by Chung et al. [17] and Lounghouse [25].
Longhouse’s study explains that vortex shedding noise is mainly due to fluctuating
pressures in the laminar boundary layer. It is also mentioned that the dominant noise
mechanisms of low tip speed, axial flow fans can be separated into the two categories of
non-rotational and rotational noise and that within these categories there are basically four
important mechanisms of fan noise. These are as follows:
Rotational noise:
• blade interactions with inflow distortion and turbulence, and with the potential field
of nearby objects
Non-rotational noise:
• laminar boundary layer vortex shedding
• tip clearance vortex
3
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• blade stall
Different methods to model the flow field around wind blades and compute the acoustics
simultaneously exist. One approach is to compute the compressible Navier-Stokes equa-
tions for the whole domain of interest. In this way the computations can be assured to also
include the influence of the sound waves on the flow field. However, due to requirement of
a large computational domain to solve the acoustic problem, such an approach demands
large resources such as storage of data, computational speed and post-processing of data.
An other approach, which has become more popular in recent years, is a hybrid one and
comprises two steps: in the first step the sources of noise from an assumed or computed
flow field are calculated, and in the second step the acoustic waves generated by the noise
sources are transported through the whole computational domain, [5] [20].
For further understanding on how wind turbines operate, the reader is reffered to studies
such as: [22], [4] [30] and [12]
1.1 Research questions
In this thesis we will attempt to formulate answers to the following questions:
• How can the lifting-line theory be applied on wings/blades of general and simple
geometries both in a steady state and a rotational state?
• How can we apply the same theory on credible blade geometries for both the steady
state and rotational case?
• What is the main difference between the Fourier Method and the Simplification
method?
• What are the main effects on the tip region of a blade?
• How does a varying tip region length influence these effects?
• What causes the production of noise?
• What is the mathematical scheme of the blade element momentum theory?
• How can the BEM and LLT work together?
4
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1.2 Outline
This thesis is devided into three main parts - Mathematical models, Analytical work,
Introdution of BEM.
In chapter 2 we introduce the lifting surface and lifting-line theories that will be the basis
for most of our calculations. Both the Simplification method (SM) and the Fourier method
(FM) are introduced here. We will learn that it is possible to solve the FM analytically by
assuming a sinusoidal chord length variation, l(z) = l0 sin θ.
Chapters 3 and 4 may be regarded as the heart of the thesis as it is here that most
of the analytical work is done. These chapters describe two cases, the non-rotating blade
and the rotating blade. Here we will study a blade that is composed of a rectangular
main section of length s − ǫ and an end section of length ǫ. We will investigate how a
variation in the end section length affects the local end circulation. In the non-rotating
case we will be looking at two blade end geometries, namely the siusoidal l(z) ∝ sin θ
(allowing the use of FM), and the quadratic l(z) ∝ z2. While the rotating case will be
consentrated on the sinusoidal blade end. The resulting expressions for the circulation will
be plotted with matlab, allowing the possibility to compare SM with FM and to draw
physical interpretations. Topics such as noise production will be briefly commented. In
chapter 5 we will summarize and comment on the obtained results from the analytical part
of the thesis. The reason of placing the concluding chapter before the BEM chapter is
simply to avoid the reader to be confused due to the different physical approach.
Finally, in chapter 6, we will introduce the blade element momentum theory (BEM)
after having presented the simple one-dimensional momentum theory for an ideal rotor.
We will also briefly discuss suggestions for future uses of tools and frameworks discussed
in this study, especially how the BEM theory can be connected to our use of the LLT.
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Mathematical Models - Wing Theory
2.1 Lifting Surface Theory
A linearized problem for three dimensional lifting surfaces can be formulated in a similar
manner as for the two-dimensional case in section described by Newman [21]. A lifting sur-
face of infinitesimal thickness, may be described by its mean camber surface y−H(x, z) = 0.
On this surface there is no velocity flux, v · n = 0. The vector n denotes the unit normal
vector of the mean-camber surface. The velocity vector is given by v = [u − U, v, w]. We
may write
n =
∇(y −H(x, z))
|∇(y −H(x, z))|
(2.1)
v · n = −u
∂H
∂x
+ U
∂H
∂x
+ v − w
∂H
∂z
= 0 (2.2)
v = −U
∂H
∂x
(2.3)
Thus, the lifting problem can be reduced to a boundary condition involving a mean-camber
line H(x, z)
v(x, 0, z) = −U
∂
∂x
H(x, z) (2.4)
In addition to this specific condition one needs to apply the Kutta condition that requires
finite velocity along the trailing edge.
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The solution of the boundary condition (2.4) can be constructed by a suitable distribution
of votices with strength γ in the plane y = 0. In general such distributions would be
comprised of line votices of varying strength and orientation angle. So in this case ~γ is
a vector in the plane y = 0 that can be decomposed into a bound component with axis
parallell to the z-axis and a free component with axis parallell to the x-axis.
~γ = ~γB + ~γF (2.5)
In section 5.8 of [21], it is shown that the limiting behavior of a line vortex very close to
its axis is identical to that of a point vortex of the same strength. Thus the results from
a two-dimensional aerofoil analysis will apply locally for both a bound and a free vortex
distribution in three dimensions.
A bound vortex of density γB(x, z) induces a discontinuity in the chordwise component
of the fluid velocity
u(x,±0, z) = ∓
1
2
γB(x, z) (2.6)
Similarly, a free vortex distribution of density γF (x, z) will induce a discountinuity in the
spanwise component
w(x,±0, z) = ±
1
2
γF (x, z) (2.7)
The sirculation of the bound votices is defined as positive when its axis is parallell with
the z-axis using the right-hand rule. The same property yields for the free vortices, only
now with the circulation axis parallell to the x-axis. These vortex distributions are also
called vortex sheets.
The velocity field induced by these vortex sheets have to be irrotational, thus
∇× {u, v, w} = 0 (2.8)
which leads to
∂u
∂z
−
∂w
∂x
= 0 (2.9)
or, using eqs. (2.6) and (2.7)
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∂γB
∂z
+
∂γF
∂x
= 0 (2.10)
Eq. (2.10) tells us that a change in the bound vorticity along the z-axis, has to be balanced
by a corresponding change in the free vorticity.
We may now consider a linearized approximation for the hydrodynamic pressure induced
by these vortex sheets. From the steady form of Bernoulli’s equation, the dynamic pressure
in the fluid is given by
p− p∞ = −
1
2
ρ(V ·V − U2) = −
1
2
ρ(u2 + v2 + w2 − 2uU) ≃ ρuU (2.11)
or
p− p∞ ≃ ∓
1
2
ρUγB(x, z) (2.12)
We notice that the pressure jump across the sheet is proportional to the bound vorticity
γB, this is because bound vortex elements have their axes perpendicular to the free stream,
thus producing a disturbing affect on it. However, the free vortex elements do not disturb
the linearized pressure jump meaning that these can exist in a state of dynamic equlibrium
with the free fluid stream.
The sectional lift force is computed by integrating (2.12) along the chord - from trailing
to leading edge, at a section of constant z
L(z) = ρU
∫ xL(z)
xT (z)
γB(x, z)dx = ρUΓ(z) (2.13)
Here Γ(z) denotes the total circulation of the section. The total lift acting on the lifting
surface is computed by integrating spanwise the sectional lift
L¯ = ρU
∫ s/2
−s/2
Γ(z)dz (2.14)
The corresponding lift coefficient is defined as
C¯L =
L¯
1
2
ρSU2
(2.15)
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where S is the projected area of the lifting surface on the plane y = 0.
We can explore further the effects of the free and bound vortex sheets by integrating
eq.(2.10) along the chord. The result is an equation for continuity of vorticity across the
section
∫ xL
xT
(
∂γB
∂z
+
∂γF
∂x
)
= 0 (2.16)
We know from (2.13) that the chordwise integration of the bound vortex density gives the
total sectional rotation, or
∫
γBdx = Γ. Using this, (2.16) becomes
Γ′(z) + [γF (x, z)]
xL
xT
= 0 (2.17)
This equation indicates an important result about conservation of circulation. Any span-
wise change in the total spanwise circulation must be balanced by a jump of free vortex
density across the chord length. Along the span the circulation could either be constant
or vary with z. A constant circulation would give Γ′(z) = 0 and thus [γF (x, z)]
xL
xT
= 0. But
near the tips z = ±1
2
s Γ changes from a non-zero one on the lifting surface to zero outside
the tips. In this region Γ′(z) cannot be zero, and consequently there must be a jump in the
free vortex density. This jump results in a trailing vorticity. We maye envisage that the
lifting surface advances into a uniform and undisturbed fluid leaving behind a thin wake
region of free vorticity, also called, trailing vorticity. The free vorticity or trailing vorticity
extends to infinity downstream and is set to zero upstream of the leading edge
γF (x, z)|xL = 0 (2.18)
and
γF (x, z)|(xT ) = γT (z) (2.19)
Notice that γT is independent of x. This can be explained from equation (2.10) knowing
that there can be no bound vorticity in the wake.
Equation (2.17) now becomes
γT (z) = Γ
′(z) (2.20)
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If the lifting surface has a large aspect ratio which basically means that the chord length
is small compared to span, then the vortex distribution will look like a horseshoe. In this
case the bound vorticity is not a function of x, and thus can only vary with z. We may
assume that there is no change in the bound circulation between the span tips Γ′(z) = 0
for −s/2 < z < s/2, but we cannot avoid a change at the tips. Actually Γ′(z) will go to
infinity in this region. When taking into account the conservation of circulation, the flow
situtation around such a lifting surface will consist of one thin bound vortex line and two
discrete trailing vortices at each tip, like a horseshoe.
A system of these horseshoe vortices may be superposed in different ways to represent
different cases of lifting surfaces. One possibility is to distribute in the chorwise direction
horseshoe vortices of equal span. This situation would represent a general lifting surface of
rectangular planform and constant sectional loading. Another possibility is to distribute
horseshoe vortices of varying span along the same chordwise position, see Figure 2.1. This
particular special case is of practical importance for lifting surfaces of large aspect ratio
where the chordwise position of the vortex elements is unimportant. This system constitute
the idea behind the lifting-line theory.
The orientation of the vortices associated with a positive lift force in the positive
y-direction will induce a downward velocity component along the foil. This is called a
downwash, −v(x, 0, z). A pronounced local downwash will exist near the tips induced by
the trailing vortices. This vertical downwash can be superposed with the incident stream
velocity vector, resulting in a decreased effective angle of attack, by comparison with the
two-dimensional case without downwash. Thus the total lift force L¯ is less than we would
expect from a two-dimensional analysis at each section. Ultimately, we may say that the
trailing vortex sheet, which is an inevitable consequence of three-dimensionality of the
lifting surface, has a ’detrimental’ effect on the performance of a lifting surface.
Figure 2.1: A system of horseshoe vortices distributed in the spanwise direction resulting in a
lifting-line
10
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2.2 Lifting-Line Theory
The lifing-line theory was developed by Prandtl in 1918, [16], [24] and can be regarded as a
second approximation, correcting the strip-theory approach. The main difference between
the ordinary two-dimensional approach and the lifting-line theory is the implementation
of the impact that the trailing vorticity has on the effective angle of attack.
As mentioned in section 2.1, a lifting-surface with large aspect ratio can be represented
by a lifing-line model, which consists of a horseshoe vortex distribution as shown in Figure
2.1. As in the two-dimensional case presented in chapter 5.3, Newman [21], a solution
for the vortex desities γ(x, y) requires a surface-integral representation for the downwash
velocity. Since the unknown vortex density is a function of both x and z, the required
integral is a surface integral. The next step in chapter 5.3 was to invert the singular
equation (2.21) or use closed-form solutions. In a case of surface integrals, closed-form
solutions cannot be derived and further progress in the three-dimensional case requires
additional approximations or a numerical solution, [21].
v(x, 0±) =
1
2π
−
∫ l/2
−l/2
γ(ξ)
ξ − x
dξ, −
1
2
l < x <
1
2
l (2.21)
where the notation −
∫ l/2
−l/2
is to be interprated as the Cauchy principal value.
Prandtl’s method is called the method of matched asymptotic expansions, because it
treats the flow problem around a foil of large aspect ratio as a two part problem depending
on how it would appear for an observer placed either in inner region or in the outer
region. The lengthscales of the inner region are comparable to the chord length, and here
the observer only sees the two-dimensional flow problem with its corresponding section
geometry. Meanwhile, the lengthscales of the outer region, Figure 2.1, are comparable
with the span, and in this region the aspects of two-dimentional flow problem aren’t of
importance. It is, however, the three-dimentional effects such as the presence of a bound
vortex Γ(z) and corresponding trailing vortices with density Γ′(z) that play the important
role here.
Prandl’s approach doesn’t suggest that the three-dimensional effects are negligible in
the inner region; but being locally constant, these can be allowed for by suitibly correcting
the inflow velocity vector because of the impact that the three-dimensional effects have on
it, notabely due to the induced downwash velocity. Thus, a two-dimensional problem is
anticipated for the inner flow, identical to that treated in sections 5.2 to 5.4 of Newman’s
Marine Hydrodynamics, but modified in the second approximation by an inflow velocity
11
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and direction unknown in advance.
So, the first thing to do is to calculate the downwash velocity induced by the trailing
vortex sheet. The trailing vortices are situated in the portion of the plane y=0 downstream
of the foil segment and each vortex element coinside with the a semi infinite line −∞ <
x < 0, y = 0, z = ζ . The equation for the vertical velocity downstream takes the same
form as the vertical velocity on the cut in the two-dimentional derivation, eq. (2.21). With
a suitable change in the coordinate system and using (2.20), we get an expression for the
vertical velocity component far downstream
∂φ
∂y
=
1
2π
−
∫ s/2
−s/2
dΓ(ζ)
dζ
dζ
ζ − z
(2.22)
The computation of the induced velocity at a point on the z-axis is facilitated by noting
from symmetry that a semi-infinite vortex filament, extending from x = −∞ to the plane
x = 0, will induce in this plane precisely half of the velocity that would result from an
infinite line vortex extending from −∞ to +∞ along the same line. Thus, the vertical
component of the velocity induced by the trailing vortices at x = 0 is equal to half of the
value (2.22):
vT (0, 0, z) =
1
4π
−
∫ s/2
−s/2
dΓ
dζ
dζ
ζ − z
(2.23)
In general the trailing velocity given by (2.23) is negative for |z| < 1
2
s, and thus give the
so-called downwash.
Before using (2.23) to correct the inflow velocity vector in the inner solution, one should
investigate if the bound and free vortex sheets that are within the foil may have a influence
on the inflow. We have already mentioned that the length scales within the inner flow
problem are comparable with the chord length which is small compared to the span. The
free vortices within the foil are of such length scales. Thus they will have a negligible
influence on the downwash compared to the trailing vortices. The bound vortices are
more difficult to treat, but from the Biot-Savart integral (2.24) it can be shown that the
correction due to the spanwise variation γB is negligible by comparison with (2.23).
V = −
Γ
4π
∫
C
R× dl
R3
(2.24)
Eq. (2.24) gives the velocity field resuluting from a three-dimentional vortex filament of
12
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strength Γ
So we may conclude that the downwash velocity induced by the trailing vortices is
the most significant effect from the three-dimentional corrections on the incoming flow. In
order to incorporate this effect into the flow problem, we compute the induced angle of
attack
αi(z) ≡
vT
U
=
1
4πU
−
∫ s/2
−s/2
dΓ
dζ
dζ
ζ − z
(2.25)
The effective angle of attack then becomes αef(z) = α2D + αi(z). Since the integral
to the right of (2.25) gives a negative value, the three-dimensional effects will have a
decreasing effect on the effective angle of attack. The total circulation Γ(z) will then have
a corresponding decline.
Γ(z) = Γ2D(z) +
1
4
l(z) −
∫ s/2
−s/2
dΓ
dζ
dζ
ζ − z
,
1
2
s < z <
1
2
s (2.26)
Here Γ2D(z) denotes the two-dimensional circulation due to the initial angle of attack and
the geometry of the camber.
Adding the appropriate physical condition that requires no circulation at the tips
Γ(±1
2
s) = 0 to equation (2.26), we get Prandtl’s lifting-line theory. Equation (2.26) is
an integrodifferential equation, because the derivative of the unknown Γ appears in the
integrand. This equation can not be solved for general planforms witout resorting to nu-
merical approximations.
2.2.1 Method of Fourier expansions, (FM)
In the previous sections we emphesised the fact that the lifting-line theory is almost im-
possible to solve analytically for random planform geometries. In this section we will see
that for one particular geometry, which is the sinusoidal also called elliptical planform, the
lifting-line equation can be solved analytically with pretty good accuracy.
In chapter 5.7 of Newman’s Marine Hydrodynamics, [21], the author derives a closed-
form solution to the sigular integral equation (2.21) that connects the vertical velocity on
the cut v± to the vortex strength γ in the two-dimensional lifting problem. The results
from this derivation suggest that γ can be expanded in a Fourier series
13
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γ = 2U
[
A0 cot(
1
2
θ) +
∞∑
n=1
An sin(nθ)
]
, 0 < θ < π (2.27)
This series has been chosen so that each term satisfies the Kutta condition at the trailing
edge θ = π, with x = l
2
cosθ. Recalling that the Kutta condition forces the velocities to be
finite at the trailing edge. The first term represents the flat-plate load distribution that
leads to an infinite pressure gradient at the leading edge θ = 0, which can be explained by
the fact that a stagnation point can be found at this particular edge.
In the lifing line theory, we encouter an integreodifferential equation (2.26) where the
integrand dΓ
dz
is unknown. We know from (2.20), that this derivative term is connected to
the trailing vortex strength
Γ′(z) = γT (z) (2.28)
So, as this situation is comparable to the one that led to the result (2.27), we are tempted
to use a similar Fourier series in order to describe the trailing vorticity and consequently,
the unknown derivative that occurs as the integrand in the lifting-line equation. Though,
we should be careful before taking the whole of (2.27) as our desired expansion since this
series fulfills two-dimensional conditions that are not of the same interest in our three-
dimensional analysis.
In our definition of the trailing vorticity, we have emphasised that this vortex sheet is
triggered from the trailing edge of the lifting surface. Thus, the first term of (2.27) may
be disregarded from an eventual Fourier expansion of the trailing vortex density γT (z). In
addition to this deviation, we need to make a suitable change in the coordinate system
from x = l
2
cos θ to z = s
2
cos θ. Finally, a Fourier series describing the trailing vortex
strength takes the form
γT = 2U
∞∑
n=1
an sin(nθ), z =
s
2
cos θ, 0 < θ < π (2.29)
With the physically relevant assumptions that the total circulation Γ(z) and its derivative
Γ′(z) are continuous along the span, and that Γ(z) vanishes at the tips z = ±1
2
, a similar
Fourier series can be used to describe Γ(z). The relation (2.20) suggest that the difference
between γT and Γ(z) is the spanwise dimension. Thus we can multiply the expression for
γT with the span and obtain
14
2.2. Lifting-Line Theory
Γ(z) = 2Us
∞∑
n=1
an sin(nθ), z =
s
2
cos θ, 0 < θ < π (2.30)
This series satisfies all of the conditions that are required.
The derivative of (2.30) is included in the expression for the induced angle of attack
(2.25). This one is obtained with the chain rule
dΓ(ζ)
dζ
=
dΓ
dθ′
1
dζ/dθ′
(2.31)
where ζ = s
2
cos nθ′. By inserting (2.31) into (2.25), we obtain a Fourier series for the
induced angle of attack
αi = −
1
π
∞∑
n=1
nan −
∫ π
0
cosnθ′dθ′
cos θ − cos θ
= −
∞∑
n=1
nan
sinnθ
sin θ
(2.32)
The lifting-line equation (2.26) then reduces to a system of linear equations for the coeffi-
cients an
∞∑
n=1
an sin(nθ) =
1
2Us
Γ2D(z) (2.33)
−
π
2s
l(z)
∞∑
n=1
nan
sin(nθ)
sin θ
,
0 < θ < π
or
Γ(z) = Γ2D(z)− πUl(z)
∞∑
n=1
nan
sin(nθ)
sin θ
, (2.34)
0 < θ < π
We are tempted to expand the circulation due to two-dimensional effects Γ2d(z) in a Fourier
sine series so that equation (2.33) consists only of Fourier series. Furthermore, since Γ2D
fulfills the criterions of continuity along the span, a Fourier series is assumed
15
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Γ2D(z) =
∞∑
n=1
bn sin(nθ) (2.35)
Where bn are coefficients that are computed with Fourier integrals, [19]
bn =
1
π
∫ π
−π
Γ2D(z) sin(nθ)dθ (2.36)
Since Γ2D(z) is obtained from a two-dimensional analysis, there shouldn’t be any problems
finding the coefficients bn. The lifting-line equation (2.33) may be rewritten
∞∑
n=1
an sin(nθ) =
1
2Us
∞∑
n=1
bn sin(nθ) (2.37)
−
π
2s
l(z)
∞∑
n=1
nan
sin(nθ)
sinθ
,
0 < θ < π
Or
∞∑
n=1
sin(nθ)
[(
1 +
nπl(z)
2ssinθ
)
an −
bn
2Us
]
= 0 (2.38)
One may prove a uniqueness case for a Fourier expansion
If
f(θ) =
∞∑
n=1
an sin(nθ) (2.39)
and f(θ) = 0, then for all n yields
an =
1
π
∫ π
−π
f(θ) sin(nθ)dθ = 0 (2.40)
Sinusoidal Chord distribution
We notice that if the θ-dependency within the brackets in equation (2.38) disappears,
the equation becomes a Fourier uniqueness case. The θ-dependency may be removed by
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forcing l(z) to be proportional to sin θ. This can be achieved by setting l(z) = l0 sin θ, which
corresponds to a lifting surface of elliptical planform. In this particular case, the content
within the brackets may be interpreted as a set of constant coefficients. And according to
(2.40)
(
1 +
nπl0 sin θ
2s sin θ
)
an −
bn
2Us
= 0 (2.41)
After simple algebraic maneuvers, we obtain an equation that allows us to determine the
coefficients an
an =
bn
2Us
(
1 + nπl
2s
) (2.42)
At first site, this method appears to be very simple. But the assumption of elliptical
planform is actually a critical one. Without this assumption, we couldn’t have used the
uniqueness theorem. Thus this method contrains us to an elliptical planform of the lifting
wing/blade, but this doesn’t stop us from finding interesting results!
2.2.2 Example; Untwisted Elliptical Planform of Quadratic Cam-
ber Using FM
As mentioned earlier, if the chord length l(z) is assumed to be elliptical, l(z) = l0 sin θ,
the method from 2.2.1 can be used to find the total circulation. In order to do so, the
circulation due to two-dimesional effects Γ2D(z) and consequently the coefficients bn need
to be determined.
For a lifting surface of quadratic camber and constant angle of attack, the form of Γ2D(z)
is given in equation (2.63), but a slight modification affecting the chordlength is needed
since we are now dealing with an elliptical planform
Γ2D(z) = πUαl0 sin θ +
1
2
πUβl20 sin
2 θ (2.43)
Thus the coeffiecients bn are given by
bn = Uαl0
∫ π
−π
sin θ sin(nθ)dθ +
1
2
Uβl20
∫ π
−π
sin2 θ sin(nθ)dθ (2.44)
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These coefficients are easily determined when using orthogonality relations
∫ π
−π
sin(mθ) sin(nθ)dθ =


0 m 6= n
π m = n 6= 0
0 m = n = 0
The only contribution we get from (2.44) is b1 = πUαl0. It turns out that for this specific
geometry, all other coefficients are equal to zero. Consequently, the total circulation will
only depend on a1
a1 =
παl0
2s
(
1 + π
2s
l0
) (2.45)
By inserting this result back into the lifting line equation (2.34) and obtain a complete
expression for the total circualtion
Γ(z) =
[
πUαl0 +
1
2
πUβl20 sin θ −
π2Uαl20
2s
(
1 + π
2s
l0
)
]
sin θ, 0 < θ < π (2.46)
We notice that the total circulation is made up of three contributions, whereas each them
has a physical interpretation
1. Two-dimensional effects for uncambered lifting surface
2. Two-dimensional effects for a surface of quadratic camber
3. Three-dimensional effects, with a negative contribution to the total circulation.
We can simplify the expression (2.45) further by using the aspect ration for the elliptical
planform A = 4s/πl0. We recall that the aspect ratio is defined by A = s
2/S, where s is
the span and S is the projected area of the lifting surface onto the plane y = 0.
a1 =
2α
A + 2
(2.47)
The total-lift coefficient (2.15) takes the simple form
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C¯L =
2πAα
A+ 2
(2.48)
We notice that at the limit A → ∞, the lift coefficient goes to the strip theory (two-
dimensional analysis) value of C¯L = 2πα. If the denominator of (2.48) is expanded in a
Laurent series, in inverse powers of the aspect ratio, it follows that
C¯L = 2πα(1− 2/A) +O(1/A
2) (2.49)
It is obvious from (2.49) that the lift coefficient decreases with a factor of 2πα
A
due to the
three-dimentional.
2.2.3 Simplification Method, (SM)
In Newman’s book, a simplification method that can be used to solve the lifting-line equa-
tion is introduced. This is basically an iteration method where the two-dimensional cir-
culation helps defining the unknown term from the integrodifferensial. More exactly, the
unknown derivative dΓ
dζ
is replaced with dΓ2D
dζ
giving explicit results without the complica-
tions of an integral equation.
First, the total circulation Γ(z) is tentatively expanded as
Γ(z) = Γ(1)(z) + Γ(2)(z) + Γ(3)(z) + ... (2.50)
where Γ(1) is the first approximation, and in this case, it denotes the circulation obtained
from the simple two-dimensional analysis or strip theory Γ2D. The successive terms repres-
ent the corresponding corrections at each stage of the approximation. The expansion could
have been made with in powers of A−1, so that Γ(1) >> Γ(2) >> Γ(3)... as A → ∞. But
since the correction term from Prandl’s lifting line equation, here denoted as Γ(2) is propor-
tional to l(z), this term automatically is proportional to A−1. For the elliptical spanform
with uncambered lifting surface, the total lift coefficient turns out to be the same as that
of eq.(2.49).
The second approximation is found simply by inserting Γ(1) into the unknown derivative
dΓ
dζ
Γ(2)(z) =
1
4
l(z) −
∫ s/2
−s/2
dΓ(1)
dζ
dζ
ζ − z
(2.51)
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The simplification method (SM) with one iteration will be the foundation of the upcomming
analysis. The first and second approximations will often be reffered to as Γ2D and Γ3D since
they display the result from the two- and three-dimensional analysis, respectively. Results
from (SM) will be compared with results from (FM) whenever the geometry allows the use
of (FM).
2.2.4 Application of the Simplification Method to a Non-Rotating
Planform of General Geometry
In this section, we shall look at how we can apply the lifting-line theory using the simpli-
fication method from section 2.2.3 to a non-rotating blade/wing of general geometry. The
effects of rotation will be delt with later.
In his two-dimensional analysis of the lifting problem, Newman [21] introduced a mean-
camber line η(x) as one of the geometrical features of a wing section. A wind turbine blade
or a wing is of course three-dimensional and thus its geometry may be manifested with a
camber surface y −H(x, z) = 0, varying in both x- and z-direction. We assume that for a
given blade section with coordinate z, the mean-camber line takes the form
H(x, z) = α(z)x+
N∑
n=2
βn(z)x
n (2.52)
where α(z) is the local angle of attack measured between a given blade section and the
inflow velocity. Modern wind turbine blades are design with a spanwise varying angle of
attack or twist due to the additional flow which is induced by the rotation. The second
term in (2.52) is a polynomial expansion in which the coefficients βn(z) also vary along the
span. Equation (2.52) provides a general geometrical variation in both the camber and the
angle of attack.
In section 2.1, we introduced the boundary condition (2.4) that must yield for a lifting
surface. Inserting the expression for the camber (2.52), we get
v(x, 0, z) = −U
[
α(z) +
N∑
n=2
nβn(z)x
n−1
]
(2.53)
From the strip theory, the circulation is found after inverting the singular integral equation
for the vertical velocity on the cut. This operation leads to the circulation due to two-
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dimensional effects
Γ2D(z) = −2
∫ l(z)/2
−l(z)/2
v(ξ, 0, z)
[
l(z)/2− ξ
l(z)/2 + ξ
]1/2
dξ (2.54)
Inserting (2.53) into (2.54) we get
Γ2D(z) = 2U
[∫ l(z)/2
−l(z)/2
(
α(z) +
N∑
n=2
nβn(z)ξ
n−1
)[
l(z)/2− ξ
l(z)/2 + ξ
]1/2
dξ
]
(2.55)
The integral
∫ l(z)/2
−l(z)/2
[
l(z)/2−ξ
l(z)/2+ξ
]1/2
dξ is easily calcuated by substituting ξ with cos θ. The
exact solution of such an integral is π l(z)
2
. Eq. (2.55) is simplified
Γ2D(z) = πUl(z)α(z) + 2U
N∑
n=2
nβn(z)
∫ l(z)/2
−l(z)/2
ξn−1
[
l(z)/2− ξ
l(z)/2 + ξ
]1/2
dξ (2.56)
Then it follows that
∂Γ2D(z)
∂z
= πU(l(z)α′(z) + l′(z)α(z)) + 2U
N∑
n=2
nβ ′n(z)Cn (2.57)
where Cn is the last integral term in equation (2.56).
We recall that according to the simplification method (SM) from section 2.2.3, the unknown
derivative of the total circulation Γ′(z) is replaced by the known Γ′2D. The second correction
of the total circulation then takes the form
Γ3D(z) =
1
4
l(z)U
[
πl −
∫ s/2
−s/2
l(ζ)α′(ζ) + l′(ζ)α(ζ)
ζ − z
dζ + 2
N∑
n=2
Cn −
∫ s/2
−s/2
β ′n(ζ)
ζ − z
dζ
]
(2.58)
The total circulation is then given by the sum of the two approximations
Γ(z) = Γ2D(z) + Γ3D(z) (2.59)
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2.2.5 Example; Untwisted Planform of Quadratic Camber and
Constant Chord Length
As an example, the simplified lifting-line theory will be applied for a simple planform case
with no variation in constant chord length l(z) = l0, angle of attack α(z) = α, and a
quadratic mean-camber line with N = 2 and β2 = −β.
With the chosen assumptions on the wing/blade geometry, the mean-camber line takes
the form
H(x) = αx− βx2 β > 0 (2.60)
As a result of our assumptions, neither the mean-camber line nor the vertical velocity
component from the boundary condition 2.4 will have any spanwise dependency
v(x) = −U(α − 2βx) (2.61)
Then it follows that the first approximation to the total circulation is given by
Γ2D = 2U
∫ l0/2
−l0/2
(α− 2βξ)
[
l0/2− ξ
l0/2 + ξ
]1/2
dξ
πl0Uα +
1
2
πl20Uβ (2.62)
We notice that the choice of blade geometry made in this example, leads to a two-
dimensional circulation which is constant along the span, thus ∂Γ
(1)
∂z
= 0. This implies
that the value of Γ3D(z) is be zero. Therefore, the total circulation will only consist of
the contribution from the two-dimensional circulation and will remain constant along the
span. But we know that at the tips, there cannot be any circulation since there is no lift
there. Thus, the total circulation must be expressed as a delta function
Γ(z) =


0 z = −s/2
πl0Uα +
1
2
πl20Uβ −s/2 < z < s/2
0 z = s/2
(2.63)
We notice that the same result would have been obtained if the parameters; l(z) = l0,
α(z) = α, N = 2 and β2 = −β were inserted into (2.56) and (2.51).
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This result indicates that by letting a lifting surface such as a wing or a blade, have
a quadratic camber line of negative leading term, −β, the total circulation increases in
comparison with the case of a flat plate where Γ(z) = πl0Uα. However, the requirement
of laminar flow implies a certain limit to how much β, i.e. the camber or curvature of the
airofoil can be increased. Too much camber would only lead to seperation of the flow and
putting an end to the laminar conditions.
The descrete solution (2.63) implies that the vortex system of a lifting surface of span-
wise constant geometry looks like the horshoe system shown in Figure 2.1. In such vortex
system the derivative of the total circulation evaluated at the tips Γ′|±s/2 goes to infinity.
And from the relation (2.20), it means that the induced trailing vortices are of infinite
strength. There are numerous of studies, see for example [25] and [17], that relate the
trailing vorticity to the aerodynamical noise production. Therefore, the horseshoe vortex
system is the most noise producing system.
In chapter 3, we will see that if a blade or a wing is designed with a chord length
that decreases continuously towards zero near the tips, the corresponding circulation along
its tip region will also tend to zero. But first we are going to force the solution (2.63)
to have a continuously decreasing shape near the tips. This will be done by including a
relaxation function. The near-tip circulation may have different shapes depending on the
chosen relaxation function, i.e. it can be linear, quadratic, sinusoidal and so on. We are
going to choose the quadratically decreasing relaxation funcion f(z) given by
f(z) = 1−
[
z ± (s/2− ǫ)
ǫ
]2
(2.64)
Thus, we can construct a solution that allows the circualtion to have a smooth behaviour
near the tips.
Γ(z) =


[
πlUα + 1
2
πl2Uβ
] (
1−
[
z−(s/2−ǫ)
ǫ
]2)
s/2− ǫ < z < s/2
πlUα + 1
2
πl2Uβ −s/2 < z < s/2[
πlUα + 1
2
πl2Uβ
] (
1−
[
z+(s/2−ǫ)
ǫ
]2)
−s/2 + ǫ < z < −s/2
(2.65)
We need to emphesis that this solution is a constructed one and thus not a solution that
would appear from a detailed analysis of a lifting surface with a tip region of quadratically
decreasing chord length. But we will in chapter 3, investigate how close this contructed
solution is to the one obtained from the complete analysis.
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2.3 Effects of Rotation
Figure 2.2: Rotating blade
The rotor of a fully operating horizontal axis wind turbine (HAWT) blade rotates with
constant angular velocity Ω, thus a blade will have a tangential velocity linearly increasing
from 0 near the hub z = −s/2, to Ωs at the outboard tip z = s/2, see Figure (2.2). The
aerodynamical effects due to rotation will be investigated in this section. The analysis will
be done with the assumption that the coordinate system x, y, z rotates with the blade.
Figure 2.3: Effective angle of attack due to rotation
A cross section at a distance d = z + s/2 from the hub, will have a tangential velocity
Vt = (z + s/2)Ω as seen from Figure (2.2). This very section will then feel a ’wind’
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pointing in the opposite direction of the lift, i.e in the negative y-direction, as if there was
an additional inflow in the vertical direction V = −(z + s/2)Ω. It is shown in Figure 2.3
that this new inflow component also induces a new angle of attack
αrot(z) = − arctan
Ω(z + s/2)
U
(2.66)
Both the new inflow component and the induced angle of attack are obviously dependent
on the spanwise location of the cross section. Actually, it is due to the z-dependency in
αrot(z) that modern wind tubine blades have a twisted shape.
Figure 2.4: Effective velocity and angle of attack.
Figure 2.4 shows how the effective velocities and angles of attack are found. Ideally, the
effect of rotation should be taken into account by finding the effective inflow velocity
Ueff(z) =
√
U2 + (Ω(z + s/2))2 (2.67)
and the effective angle of attack
α(z) = αpitch − arctan
Ω(z + s/2)
U
(2.68)
We neglect αi in our definition of the effective angle of attack as this term is small compared
to αrot. These terms should then be implemented in the standard analysis using the Sim-
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plification method or the Fourier method. Unfortunately, the z-dependency of the effective
inflow and angle of attack provoke complicated integrals suggesting numerical tools. Due
to the restriction of time, we attempt to solve this problem by making some assumptions
conserning the effective angle of attack. The idea behind the upcoming analysis is to use
the same path of thinking as Prandtl did when he developed the lifting-line theory using
the method of asymptotic matching. The effects of rotation will therefore be incorporated
in two parts, an additional vertical inflow that is included in the two-dimensional analysis
and an induced angle of attack αrot(z) that is included in the three-dimensional analysis.
Such a division allows the derivations to be carried out analytically, initially because the
latter assumption makes the angle of attack that is included in Γ2D to be constant. This
scheme can be supported by a physical argumentation. In the case of large aspect ratio,
one may think that from the point of view of an observerer placed close to the blade sur-
face, the angle of attack seem to be constant along the span, meanwhile, for an observer
situated far from the blade the blade seems to twist, i.e. the angle of attack varies along
the span. The two-dimensional analysis is carried out by using the first observer’s point of
view, thus using a constant angle of attack, whilst the three-dimensional analysis is done
according to the second observer’s point of view, thus by including the effects of rotation
into the induced angle of attack αi.
In the two-dimensional analysis, the vertical inflow is included in the governing velocity
field v = [u−U, v− V, w] and then the equation v · n = 0 is computed, leading to a slight
modification in the boundary condition (2.4).
v(x, 0, z) = −U
∂
∂x
H(x, z)− (z + s/2)Ω (2.69)
We have already seen that the three-dimensionality of a lifting surface generates a negative
vertical velocity, i.e. a downwash, which is incorporated as an induced angle of attack
αi(z) in the computation of Γ3D or Γ
(2). Now, the rotation-induced angle of attack will be
included in αi(z)
αi =
1
4πU
−
∫ s/2
−s/2
dΓ(ζ)
dζ
dζ
ζ − z
− arctan
Ωz
U
(2.70)
Having introduced these two relations, an expression for the total circulation is relatively
easily found using the simplification method from section 2.2.3 for a HAWT blade of general
geometry.
Inserting the full expression for H(x, z), the boudary condition then becomes
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v(x, 0, z) = −U
[
α(z) +
N∑
n=2
nβn(z)x
n−1
]
− (z + s/2)Ω (2.71)
The first approximation to the total circulation, Γ2D, is given by
Γ2D(z) = πUl(z)α(z) + 2U
N∑
n=2
nβn(z)
∫ l(z)/2
−l(z)/2
ξn−1
[
l(z)/2− ξ
l(z)/2 + ξ
]1/2
dξ
+2(z + s/2)Ω
∫ l(z)/2
−l(z)/2
[
l(z)/2− ξ
l(z)/2 + ξ
]1/2
dξ (2.72)
We have seen that the last integral reduces to πl(z)/2. Further, the derivative of Γ2D(z)
takes the form
∂Γ2D(z)
∂z
= U
[
π(l′(z)α(z) + l(z)α′(z)) + 2
N∑
n=2
nβ ′n(z)Cn
]
+πΩ
[
l(z) + l′(z)(z + s/2)
]
(2.73)
The second approximation to the total circulation, defined in eq. (2.51) will have the form
Γ3D(z) =
1
4
l(z)
[
πU −
∫ s/2
−s/2
l(ζ)α′(ζ) + l′(ζ)α(ζ)
ζ − z
dζ
+2U
N∑
n=2
nCn −
∫ s/2
−s/2
β ′n(ζ)
ζ − z
dζ
+πΩ −
∫ s/2
−s/2
l(ζ) + l′(ζ)(ζ + s/2)
ζ − z
dζ
−4πU arctan
Ω(z + s/2)
U
]
(2.74)
The total circulation is obtained by adding Γ2D(z) and Γ3D(z).
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2.3.1 Example; Rectangular Planform
For the simple geometry choice that was made in example 2.2.5, it is possible to derive
an expression for the total circulation along the span for the same blade, this time with
the rotational effects included, using the algorithm presented in equations (2.72) - (2.74).
The obtained result can be presented with the descrete solution that lead to the horseshoe
vortex system seen from Figure 2.1
Γ(z) =


0 z = s/2
πl0Uα +
1
2
πl20Uβ +
1
4
πl20Ω log
[
s/2−z
s/2+z
]
− πUl0 arctan
Ωz
U
−s/2 < z < s/2
0 z = −s/2
Or we may construct a smoother solution using the relaxation funtion f(z; ǫ) near the tips
Γ(z) =


[
πl0Uα +
1
2
πl20Uβ +
1
4
πl20Ω log
[
s/2−z
s/2+z
]
− πUl0 arctan
Ω(z+s/2)
U
]
f(z; ǫ)
s/2− ǫ < z < s/2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
πl0Uα +
1
2
πl20Uβ +
1
4
πl20Ω log
[
s/2−z
s/2+z
]
− πUl0 arctan
Ω(z+s/2)
U
−s/2 < z < s/2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−[
πl0Uα +
1
2
πl20Uβ +
1
4
πl20Ω log
[
s/2−z
s/2+z
]
− πUl0 arctan
Ω(z+s/2)
U
]
f(z; ǫ)
−s/2 + ǫ < z < −s/2
(2.75)
We notice that for this particular case, the effects of rotation are included as a logarithmic
term 1
4
πl2Ω log
[
s/2−z
s/2+z
]
and an artcan term −πUl arctan Ωz
U
. The logarithmic term leads to
infinite circulation at both ends. Obviously, this is not a serious objection as we specifically
require no circulation at the tips. The quadratic relaxation function chosen in example
2.2.5, f(z; ǫ) = 1 −
[
z±(s/2−ǫ)
ǫ
]2
, provides the ciculation to vanish at both ends, as this
function tends to zero faster than the logarithmic term. This statement may be proven by
l’Hôpital’s rule.
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Blade Tip Region - Steady State
In previous sections, we have shown how to use the lifting-line theory in order to describe
the total circulation Γ(z) along wings/blades of general geometries. From the examples
2.2.2, 2.2.5 and 2.3.1 we saw that it is relatively easy to derive expressions for Γ(z) when
the geometry of the blade is defined troughout the span. However, it is difficult to find
accurate descriptions of actual wind turbine blades geometries because such information
is often closely garded by the designers. But by looking at some popular modern blades
like the Vesta V-90 [3], the Siemens 3.6MW [1] or the Enercon E-82 [2] we may agree
upon some geometrical features that characterize modern wind turbine blades. Some have
a homogenuous geometry throughout the span, while others are composed of two or even
three sections. But the common feature seems to be that the region close to the tip has a
shape that allows the chord length to decrease smoothly towards zero. The ratio between
the length of the end section and the span varies from blade to blade. There are numerous
studies, see [8], [15], that compare diffenrent blade end geometries.
In this chapter we will consider a blade that consists of a main section in which all
geometrical parameters are constant, and an end section of two different shapes. The main
focus is on describing the circulation along the end section of the blade. The upcoming
analysis will be devided into two main cases; the non-rotating and rotating case. The
obtained results will be plotted using constants that are inspired by the Enercon V-82
wind tubine blade. These are shown in Table 3.1
The coordinate system that we have been using is moved backwards a distance s/2 in
the spanwise direction, making the z-coordinate go from 0 to s instead of −s/2 to s/2.
This specific change will prove to cause some problems that will be dealt with later on.
The length of the end section ǫ varies within the domain (0, s) and the end section itself
is defined from s − ǫ to s. In sections 3.1 and 3.2, we will derive expressions for the
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Span s [m] Chord l0 [m] AOA α [
o] Angular vel. Ω [rpm] U [m/s]
35 1 8 7.5 8
Table 3.1: Constants used in matlab codes
circulation along the end section of a non-rotating blade, which is the equivalent case of
a wing, assuming a number of geometrical simplifications and that the end section can
be treated seperately from the rest of the blade. The purpose of such analysis is to show
that the geometry of the blade end is a factor of major importance when defining the local
ciculation and various side effects such as shed vorticity and noise production.
In real wind turbines, the geometry of a blade is defined by its angle of attack α(z),
mean camber surface H(x, z) and sectional chord length l(z), where all these terms usually
vary along the entire span. In the upcoming analysis (steady state), only effects of a
varying chord length will be investigated, meaning that the angle of attack and camber are
maintained constant. This will give us the possiblity to get tangible results that can be
discussed further. The geometries that will be handled are the sinusoidal and the quadratic
blade ends, as shown in Figure 3.1 where the end sections cover the last quarter of the
span, i.e ǫ = s/4.
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Figure 3.1: Sinusoidal and quadratic end sections, ǫ = s/4
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3.1 Sinusoidal End Section - No Rotation
In this section, we will consider an untwisted and uncambered blade which consists of a
rectangular flat plate combined with an end section of sinusoidal chord distribution, see
Figure 3.2. The reason of such a choise of geometry is not only that it is a possible one in
real wind tubine blades, see the Vesta V-90 [3], but it also allows us to compare the results
obtained from the simplification method with the ones obtained from the Fourier method.
We have shown that the lifting-line equation that arises form the Fourier method is
possible to solve analytically provided that l(z) = l0sinθ.
Figure 3.2: Sine cuvred end section
The circulation along the main section of the blade is similar to the one from eq. (2.63).
Provided the effects of camber are neglected, Γmain is given by
Γmain = πUαl0 0 < z < s− ǫ (3.1)
We recognize this result from the simple stip theory applied on a flat plate.
Now, the shape of the sinusoidal end section is formed by the chord distribution
l(z′) = l0 sin θ, 0 < z
′ < ǫ (3.2)
where z′ is a new spanwise coordinate z′ = z − (s− ǫ) and the relation between z′ and θ
is z′ = ǫ cos θ where θ ∈ [π/2, 0]. Thus, the original z-coordinate is given by
z = s+ ǫ(cos θ − 1) 0 < z < s (3.3)
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This is shown in Figure 3.2.
The local circulation due to the two-dimentional effects then takes the form
Γ2D(z) = πUαl0 sin θ (3.4)
All of the terms that have been presented up til now will be used further both in the
Simplification and Fourier method.
3.1.1 Simplification Method, SM
The derivative of eq.(3.4) is obtained through the chain rule
∂Γ2D(z)
∂z
= −
1
ǫ sin θ
∂Γ2D(θ)
∂θ
= −
πUαl0 cos θ
ǫ sin θ
(3.5)
This result is then inserted in eq.(2.51), and the second approximation to the total circu-
lation becomes
Γ3D(z) =
1
4
l(z) −
∫ 0
π/2
πUαl0cosθ
′
ǫ sin θ′
ǫ sin θ′dθ′
s+ ǫ(cos θ′ − 1)− s− ǫ(cos θ − 1)
= −
πUαl20
4ǫ
sin θ −
∫ π/2
0
cos θ′
cos θ′ − cos θ
dθ′ (3.6)
The last integral, which will be referred to as I1, looks very much like the first term in the
Glauert integral series, i.e. n = 1, see [21]
Gn(θ) = −
∫ π
0
cosnθ′dθ′
cos θ′ − cos θ
. (3.7)
where G1 = π. The only difference is the integration domain, which in this analysis, is
[0 − π/2], while by definition of Glauert integrals is [0 − π] and this is enough to cause a
slight challenge. The difference is actually a consequence of the coordinate system choice,
z ∈ [0, s]. A choice that has been made to allow the end section (or the entire blade, with
ǫ = s), to have a natural geometry as shown in figure 3.3, rather than the unatrual one
shown in figure 3.4
The analytical solution of I1 is shown in Appendix A and the deduced result is given by
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Figure 3.3: Blade geometry corresponding to
θ = [0, π/2] or z = [0, s]
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Figure 3.4: Blade geometry corresponding to
θ = [0, π] or z = [−s/2, s/2]
I1 = −
∫ π/2
0
cos θ′
cos θ′ − cos θ
dθ′ =
π
2
+ cot θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
]
(3.8)
This can also be written as
I1 = π/2 + I0 (3.9)
where
I0 = cot θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
]
(3.10)
The right-hand term in this equation includes a cotangens term, which is singular at
θ = 0, but fortunately the logarithmic term tends to zero at the same limit so that the
total function becomes a ’0
0
’-expression which has the value 1 at this particular limit. A
plot of this function is shown in Appendix A. By inserting the expression for I1 back into
eq. (3.6), the circulation due to three-dimensional effects becomes
Γ3D(z) = −
πUαl20
4ǫ
(
π
2
+ cot θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
])
sin θ (3.11)
or, in a more compact way
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Γ3D(z) = −
Uαl0
4ǫ
(
π
2
+ I0
)
πl0 sin θ (3.12)
According to the simplification method (SM), the total circulation is then given by the
sum of the first and second approximations Γ(z) = Γ2D(z)+Γ3D(z). The circulation along
the sinusoidal end section of a stationary uncambered and untwisted blade is given by
ΓSM(z) =
[
1−
l0
4ǫ
(π
2
+ I0
)]
Uαπl0 sin θ, π/2 < θ < 0;
s− ǫ < z < s (3.13)
It is obvious from this result that when taking into account the effects of three-dimensionality,
Γ3D, the total circulation displays lower values than if only a two-dimensional analysis had
been carried through. The fact that ǫ occurs in the dominator of Γ3D means that the effects
of three-dimensionality amplify as the end section length decreases, see Figure 3.5. At the
same time, as the length of the end section increases the local aspect ratio that relates ǫ
to l0 also increases. Thus, in the case of ǫ = s from Figure 3.6, the flow problem may be
considered as a simple two-dimensional problem.
It is important to notice that in this model, as we already have mentioned, ǫ accurs
in the dominator making the expression singular as ǫ tends to zero. In reality, this case
is not of particular interest as we intend to investigate the circulation along a finite end
section and because with ǫ = 0 we have to treat the entire blade as one. This would lead
to the descrete solution that was shown earlier. Nevertheless, it is important to discuss
the effects of varying end section lengths. As an example, consider two end sections of
different lengths, one with ǫ = l0 and the other with ǫ = 5l0. The end circulations are
plotted together with a part of the main circulations in Figure 3.7. The first thing we
notice is that the discontinuity or jump between the main and end circulations is bigger in
the case of the small end section, i.e. ǫ = l0. This is not a surprise since these jumps are
of the same magnitude as Γ3D. In fact, the relative jump is 39% in the first case and 7.9%
in the second case.
Since the circulation must be conserved, the discontinuity must induce shed vorticity.
Undoubtedly, the bigger the jump is, the stronger is the shed vorticity. And according
to Chung et al. [17], the shed vorticity is directly related to the aerodynamical noise
production. Thus, a blade with a long main section and a small end section might provide
great total lift L¯, but it will also generate more noise than a blade with a larger end section.
This is a dilemma that blade designers must encounter when designing wind turbines that
are expected to operate near inhabited areas.
34
3.1. Sinusoidal End Section - No Rotation
34 34.1 34.2 34.3 34.4 34.5 34.6 34.7 34.8 34.9 35
0
0.5
1
1.5
2
2.5
3
3.5
4
Spanwise Direction, z
Ci
rcu
lat
ion
, G
am
ma
(z)
Sinusoidal End Section, s/eps = 35, error = 17.6685%
 
 
2D
3D
Total
Figure 3.5: Γ2D, |Γ3D| and ΓSM , ǫ = s/s = l0
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Figure 3.6: Γ2D, |Γ3D| and ΓSM , ǫ = s
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Figure 3.7: A part of the main circulation and the end circulation are shown for ǫ = l0 and
ǫ = 5l0
3.1.2 Fourier Method (FM)
The derivation of the total circulation using the Fourier method, (FM) is done in section
2.2.2. Since we are now looking at the end section of length ǫ and we are neglecting the
camber, the result from equation (2.46) reduces to
ΓFM(z) =
[
1−
πl0
2ǫ
(
1 + π
2ǫ
l0
)
]
Uαπl0 sin θ, π/2 < θ < 0;
s− ǫ < z < s (3.14)
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This result is, in the same way as the one from the previous section, also composed of
a two-dimensional and a three-dimensional circulation. And with ǫ in the dominator of
the three-dimentional term, it means that Γ3D plays an increasingly important role as the
length of the end section decreases. This can be seen from Figures 3.8 and 3.9, where the
cases ǫ = l0 and ǫ = s are illustrated.
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Figure 3.8: Γ2D, |Γ3D| and ΓFM , ǫ = s/s = l0
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Figure 3.9: Γ2D, |Γ3D| and ΓFM , ǫ = s
One of the consequences of the three-dimensional circulation is, as mentioned earlier,
the relative jump from Γmain to Γend. This can be seen from Figures 3.10 and 3.11. It
is not a surprise that this jump increases as the length of the end section decreases. In
fact the results obtained from the FM suggest that the relative jumps are greater with this
method than with the SM. These are compared in Figure 3.13
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Figure 3.10: Relative jump from main to end
circulation (FM), ǫ = l0
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circulation (FM), ǫ = 5l0
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3.1.3 Comparing FM and SM
It could be interesting to try to compare the results obtained from FM and SM analyt-
ically. To make it easier we could do this comparison at the transition zone z = s− ǫ as I0
is zero at this limit and I1 =
π
2
and set ΓFM = ΓSM . By doing this, a relation between l0
and ǫ arises
ǫ =
π
6
l0 (3.15)
According to this relation, if FM and SM are to match at the transition zone, the chord
length needs to be larger than the span of the end section. By looking at Figure 3.12,
we can determine that the relation between l0 and ǫ delivers the expected result. But at
the same time, we cannot escape noticing the shape of ΓSM . It seems like ΓSM becomes
unstable for too small values of ǫ, while ΓFM maintaines its original shape.
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Figure 3.12: Fourier method vs sinusoidal end, ǫ = s/2, s/4, s/6
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The end circulations ΓSM and ΓFM are plotted together for different values of ǫ; l0,
5l0, 10l0,s in Figure 3.13. We notice that in all cases yields ΓSM > ΓFM along almost
the entire span. Since the Fourier method solves the lifting-line equation accurately for
l(z) = l0 sin θ, it is this method that we rely on. This means that ΓSM overpredicts the
circulation along the span, and thus suggests a higher lift than in reality. This issue would
have been carefully examined in the avation industry. In the wind turbine industry this
would affect the predicted power output and noise production. The simplification method
overpredicts the power output and accordingly underpredicts the noise production.
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Figure 3.13: End circulations obtained from FM and SM, ǫ = l0, 5l0, 10l0 and s
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3.2 Quadratic End Section
In this section we will apply a similar analysis as the one from 3.1 in order to derive an
expression for the circulation along the end section of a steady blade with quadratic loading,
i.e. l(z) ∝ l0z
2 and investigate if the constructed solution from equation (2.65) actually
can be usefull after all. Since there are no trivial ways of applying the Fourier method for
such geometry, only the Simplification method will be employed in this analysis.
In section 2.2.5, the total spanwise circulation along an untwisted wing of constant chord
length was found. The result we found is a circulation that remains constant throughout
the entire span. And when taking into acount the physical boundary condition at the tips
Γtips = 0, the obtained circulation turns out to be a descrete function or a delta function
where its value goes from non-zero to zero at the blade tip. Since the shed vorticity is
given by the derivative of the total circulation, the circulation shaped as a delta function
will lead to infinite shed vorticity triggered from the blade tip, because Γ′|tip = ∞. We
mentioned the possibility to make the transition smoother by multiplying the result with a
relaxation function, but this obviously is nothing but a constructed solution and eventually
a relatively easy way of avoiding the descrete solution.
Using the new coordinate system z ∈ [0, s] and assuming no camber, the relaxed circu-
lation along the end section is taken from equation (2.65) and rewritten as follows
Γrel(z) = πl0Uα
[
1−
(
z − (s− ǫ)
ǫ
)2]
, s− ǫ < z < s (3.16)
Now, in order to deduce a more correct expression of the circulation, we need to describe
a quadratically loaded end section. As mentioned earlier, we can describe the end section
with the coordinate z′. So, the chord distribution can be written as a function of z′
l(z′) = l0
(
1−
z′2
ǫ2
)
, 0 < z′ < ǫ (3.17)
and since z = z′ + (s− ǫ), l(z′) can be modified to be a function of z
l(z) = l0
(
1−
[
z − (s− ǫ)
ǫ
]2)
, s− ǫ < z < s (3.18)
Subsequently, for the sake of compact appearence, the quadratic function within the par-
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entheses will be reffered to as f(z; ǫ), such that
f(z; ǫ) =
(
1−
[
z − (s− ǫ)
ǫ
]2)
(3.19)
The first approximation to the total circulation, Γ2D(z) is then given by
Γ2D(z) = πUαl0
(
1−
[
z − (s− ǫ)
ǫ
]2)
, s− ǫ < z < s (3.20)
And its derivative
∂Γ2D(z)
∂z
= −
2πUαl0
ǫ2
(z − (s− ǫ)) (3.21)
is included in the second approximation Γ3D(z), see equation (2.51)
Γ3D(z) = −
πUαl2o
2ǫ2
[
−
∫ s
s−ǫ
(ζ − s + ǫ)
dζ
ζ − z
]
f(z; ǫ)
= −
πUαl2o
2ǫ2
[
−(s− ǫ) log
∣∣∣∣ s− z(s− ǫ)− z
∣∣∣∣ + −
∫ s
s−ǫ
ζ
ζ − z
dζ
]
f(z; ǫ)
s− ǫ < z < s (3.22)
The last integral term is solved by using intergration by parts. After assembling the
obtained terms the solution to Γ3D(z) takes the following form
Γ3D(z) = −
πUαl2o
2ǫ2
(
(z − (s− ǫ)) log
∣∣∣∣ s− z(s− ǫ− z)
∣∣∣∣+ ǫ
)
f(z; ǫ)
s− ǫ < z < s (3.23)
Finally, the total circulation along the quadratic end section of an uncambered and un-
twisted blade in steady state is given by
Γ(z) =
[
πUαl0 −
πUαl2o
2ǫ2
(
(z − (s− ǫ)) log
∣∣∣∣ s− z(s− ǫ− z)
∣∣∣∣+ ǫ
)]
f(z; ǫ)
s− ǫ < z < s (3.24)
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At first sight, it may seem that this function has a sigularity at z = s − ǫ within the
logarithmic term. But this term is muliplied with a function that is zero at the same limit,
and it is fairly easy to prove that
lim
z→(s−ǫ)
[
(z − (s− ǫ)) log
∣∣∣∣ s− z(s− ǫ− z)
∣∣∣∣
]
→ 0 (3.25)
using l’Hôpital’s rule.
In Figures 3.14 - 3.17, the relaxed solution (3.16) and the correct solution of a quadratic
end section (3.24) are plotted with varying ǫ. We notice from the figures that the solutions
have the biggest relative difference at the transition from the main to the end section, or
z = s− ǫ. At this limit, the correct circulation from eq.(3.24) takes the form
Γcor(z = s− ǫ) = πUαl0 −
πUαl2o
2ǫ
(3.26)
while the relaxed solution becomes
Γrel(z = s− ǫ) = πUαl0 (3.27)
at that same limit. Thus, these solutions will approach each other with increasing ǫ. This
statement is observed in the mentioned figures.
We notice that the relaxed solution overpredicts the circulation at the transition zone
between the main and end section, and that the solutions are closest to each other for
ǫ = s, which is the highest value for ǫ. The reason for that is just that the relaxed solution
does not take into account the three-dimensionality of the wing/blade and thus it doesn’t
possess any ǫ-dependency. The solutions match when ǫ = s, because in this limit we
are in reality studying a wing/blade of large aspect ratio, i.e. a lifting-line in which the
two-dimensional effects are dominating.
The conclusion that can be drawn from these figures is that the relaxed solution could
possibly be used in a design of a blade or wing of which the entire span has a quadratic
loading, i.e. ǫ = s. But still, the correct analysis is not too difficult to deduce, so it should
undoubtedly be the way to go.
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Figure 3.14: Γrel vs Γquad, ǫ = l0
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Figure 3.15: Γrel vs Γquad, ǫ = 5l0
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Figure 3.16: Γrel vs Γquad, ǫ = 10l0
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Figure 3.17: Γrel vs Γquad, ǫ = s
3.2.1 Comparing Sinusoidal and Quadratic End Sections
In this section the deduced SM circulations along both end section geometries, i.e. sinus-
oidal and quadratic, are compared to each other. In figures 3.18 - 3.21, Γsine and Γquad are
plotted together with the last part of the circulation along the main section ΓMain for end
section lengths ǫ = s/s, 5s/s, s/4, s.
In figure 3.18, where the end section length is of same magnitude as the chord length,
thus ǫ≪ s, we notice that the quadratic circulation has a different shape that the sinusoidal
one. It is not easy to tell exactly why Γquad is shaped like that from the expression (3.24),
but looking at the other figures we might state that the quadratic model becomes unstable
for small values of ǫ.
Nevertheless, the common feature that yields in all figures is that the jump between the
main and the end circulation is always larger in the quadratic blade end section than with
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Figure 3.18: Γsine vs Γquad, ǫ = l0 = s/35
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Figure 3.19: Γsine vs Γquad, ǫ = 2l0 = s/17.5
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Figure 3.20: Γsine vs Γquad, ǫ = 5l0 = s/7
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Figure 3.21: Γsine vs Γquad, ǫ = s
the sinusoidal one. This implies that the shed vorticity and therefore the noise production
is more significant when using a quadratically loaded blade/wing. Moreover, the area
under the graf which indicates the total lift of the blade/wing, is always greater in the
sinusoidal case. So we have now two arguments of major interest that stress the fact that
a sinusoidal/elliptical loading is the preferable geometry to use when the other option is
the quadratic geometry.
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Blade Tip Region - Rotation
4.1 Simplification method, SM
In this section, a derivation of the circulation along the main and end section of a
rotating uncambered and untwisted blade in which the end section has a sinusoidal chord
distribution, i.e. l(z) = l0 sin θ, will be derived using the simplification method.
The blade’s main section consists of a rectangular flat plate which implies no spanwise
chord variation. And the circulation along this section can be found from equations (2.72)
and (2.74). Because of the slight change in the coordinate system, the integrals of eq.
(2.74) now have the limits [0, s]. We set l(z) = l0, α(z) = α and β = 0 and the main
circulation gets the following form
ΓMain = πl0
[
U
(
α− arctan
Ωz
U
)
+ Ω
(
z +
l0
4
log
∣∣∣∣s− zz
∣∣∣∣
)]
(4.1)
Like in many cases in applied mathematics, an undesired singularity occurs at z = 0 due
to the logarithmic term. In reality, the rotational velocity close to the hub is very small, so
the local circulation near the hub should indeed be independent of Ω. But, unfortunately
it seems that the mathematical model does not care about that, so the circulation near
the hub needs to be forced to a finite value. Luckily for us, we are more interested in the
circulation near the blade end section and this is well handled by this model. So in the
upcoming analysis, the mentioned singulatiry will not cause any trouble.
Further, the first approximation to the total circulation Γ2D(z) is also found from equa-
tion (2.72). After some modifications it takes the form
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Γ2D(z) = πl0 sin θ
(
αU + Ωz
)
(4.2)
and when inserting z = s+ ǫ(cos θ − 1), this expression can be rewritten
Γ2D(z) = πl0 sin θ
(
Uα + Ω
[
s+ ǫ(cos θ − 1)
])
(4.3)
Its derivative takes the following form
∂Γ2D(z)
∂z
= −
πl0
ǫ sin θ
(Uα cos θ + Ω(s− ǫ) cos θ + Ωǫ cos 2θ) (4.4)
The second approximation to the total circulation is given by eq. (2.74)
Γ3D(z) = l0 sin θ
[
1
4
−
∫ s
s−ǫ
∂Γ2D(ζ)
∂ζ
dζ
ζ − z
− πU arctan
Ωz
U
]
(4.5)
The integral term is computed as follows
−
∫ s
s−ǫ
dΓ2D
dζ
dζ
ζ − z
= −
∫ 0
π/2
dΓ2D
dζ
−ǫ sin θ′dθ′
ǫ(cos θ′ − cos θ)
= −
(
πUαl0
ǫ
+
πΩl0(s− ǫ)
ǫ
)
−
∫ π/2
0
cos θ′
cos θ′ − cos θ
dθ′
−πΩl0 −
∫ π/2
0
cos 2θ′
cos θ′ − cos θ
dθ′ (4.6)
We notice, as we did in the case of eq. (3.6), that the last two integrals, I1 and I2 look like
the first two terms of the Glauert integrals series where
G1 = π (4.7)
G2 = 2π cos θ (4.8)
but again, with a difference in the integration domain, [0− π/2]. These integrals need to
be solved analytically. This is done in Appendix A, see equations (6.75) and (6.79). The
latter equation shows
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I2 = −
∫ π/2
0
cos 2θ′
cos θ′ − cos θ
dθ′ = π cos θ +
cos 2θ
sin θ
log
[
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
]
(4.9)
With the Glauert-like integrals solved, the circulation due to three-dimensional effects,
Γ3D reduces to
Γ3D(z) = −πl0 sin θ
[
U
(
αl0
4ǫ
I1 + arctan
Ωz
U
)
+ Ω
(
l0(s− ǫ)
4ǫ
I1 + l0I2
)]
(4.10)
The total end circulation can be written as follows
Γ(z) =
{
U
[
α
(
1−
l0
4ǫ
I1
)
− arctan
Ωz
U
]
+Ω
[
z −
l0(s− ǫ)
4ǫ
I1 − l0I2
]}
πl0 sin θ (4.11)
The expression for Γ3D from eq.(4.10) remains negative along the entire end section.
And since the total end circulation is given by the sum Γ2D +Γ3D, it is obvious that when
the three-dimensionality of the blade is taken into account, it has a reducing effect on the
total circulation. In Figures 4.1 and 4.2, the absolute value of Γ3D is plotted together with
Γ2D and the total end circulation Γ. We notice that for a blade in rotation, the circulation
due to three-dimensional effects is very significant even at high values of ǫ, unlike in the
non-rotating case. We have mentioned that one of the effects of rotation is the induced
angle of attack αrot, which we included in the three-dimensional analysis. Apparently, this
gives Γ3D a major boost. So when dealing with a rotating blade, the three-dimensional
analysis is crucial no matter the ǫ-range.
From Figure 4.2, we see that the total circulation distribution has a shape that is
comparable to that shown by Moayyedi [18]. We also notice that Γ3D and Γ
′(z) is zero
at the hub, z = 0 which basically means that there is no circulation jump and thus no
induction of shed vorticity there.
In Figures 4.3 and 4.4, the end circulation and the last part of the main circulation are
plotted together with to different end section lengths. The first one, ǫ = s/s = l0 and
the second one, ǫ = 5s/s = 5l0. A familiar aspect worth noticing is the jump from the
main circulation to the end circulation. We’ve already mentioned that since the circulation
must be conserved, one of the consequences of such a jump is the production of shedding
vorticity and thus noise. The figures illustate how this jump increases with decreasing end
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Figure 4.1: Rotation: Γ2D, Γ3D and ΓEnd for
ǫ = l0
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Figure 4.2: Rotation: Γ2D, Γ3D and ΓEnd for
ǫ = s
section length. And the same conclusion as the one from the steady blade case can be
drawn: The shorter end section, the greater noise production. Some values of these jumps
are listed in Table 4.1 for both cases of a blade in steady state and a blade in rotation.
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Figure 4.3: A part of the main circulation and
the end circulation are shown for ǫ = l0
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Figure 4.4: A part of the main circulation and
the end circulation are shown for ǫ = 5l0
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ǫ Jump steady state Jump rotation Rot/Steady
l0 39.3% 60.6% 1.5
5l0 7.85% 11.0% 1.4
10l0 3.93% 5.10% 1.5
15l0 2.62% 4.82% 1.8
Table 4.1: Values of the jumps from Γmain to Γend for ǫ = l0, 5l0, 10l0, 15l0
The values in Table 4.1 indicate that the jumps are greater in the rotating case than
the non-rotating one for the same blade. Consequently, the noise production due to shed
vorticity increase when the blade starts rotating, which is something we would expect by
intuition. In average the jumps increase with 1.55 from the non-rotating to the rotating
case for end sections within the region ǫ = [l0, 15l0] = [s/35, s/2.3].
By setting Ω = 0, the end circulation from (4.11) actually converges to the one obtained
for the same blade in steady state, see Figure 4.5 . We can write
Γrotation(z) = Γsteady(z) +
{
Ω
[
(z −
l0(s− ǫ)
4ǫ
I1 − l0I2
]
−U arctan
Ωz
U
}
πl0 sin θ (4.12)
See Figure 4.6. Here the end section covers the last quarter of the entire span, thus ǫ = s/4.
In this particular case, the circulation measured at the transition zone z = s − ǫ for the
rotating case is ten times greater than for the non-rotating case, i.e. Γrotation(s − ǫ) ≈
10Γsteady(s − ǫ). Thus, in one sentence the results can be summarized as follows: the
rotation of the blade generates more lift, but it also causes more noise production.
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Figure 4.5: Spanwise circulation distribution along a sinusoidal end section; Steady vs Rotation;
Ω = 0, ǫ = s
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Figure 4.6: Spanwise circulation distribution along a sinusoidal end section; Steady vs Rotation;
ǫ = s/4
4.2 Fourier Method, FM
In this section, an expression for the total circulation along the sinusoidal end section
of a rotating untwisted and uncambered blade will be derived using the Fourier method
presented in section 2.2.1.
We approach the problem using the same procedure as the one from last section. The effects
of rotation are inculded as an additional vertical inflow in the two-dimensional analysis.
The two-dimensional circulation Γ2D is given in equation (4.3)
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Γ2D(z) = πl0 sin θ [Uα + Ω(s− ǫ) + Ωǫ cos θ] (4.13)
The next step in the Fourier method is to find the coefficients bn. These are given by the
Fourier integrals
bn =
1
π
∫ π
−π
Γ2D(z) sin nθdθ (4.14)
Thus,
bn = Uαl0
∫ π
−π
sin θ sinnθdθ + Ωl0(s− ǫ)
∫ π
−π
sin θ sinnθdθ
Ωǫl0
∫ π
−π
cos θ sin θ sin nθdθ (4.15)
The first two integrals are zero for all n ≥ 2, while the last integral is zero for all n except
n = 2.
b1 = πUαl0 + πΩl0(s− ǫ) (4.16)
b2 =
πΩǫl0
2
(4.17)
The an-coefficients are found from equation (2.42). Since we are considering the end section
of length ǫ, we write
an =
bn
2Uǫ
(
1 + nπl
2ǫ
) (4.18)
From this equation, a1 and a2 are given
a1 =
πUαl0 + πΩl0(s− ǫ)
2Uǫ
(
1 + πl0
2ǫ
) (4.19)
a2 =
πΩǫl0
4Uǫ
(
1 + πl0
ǫ
) (4.20)
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Before we insert these coefficients into the lifting-line equation from (2.33), we must re-
member that the other effect of rotation, which is the induced angle of attack αrot, has to
be included in the three-dimensional analysis. The total circuation takes the form
Γ(z) = Γ2D(z)− Uπl0sinθ
(
a1 + 2a2
sin 2θ
sin θ
+ arctan
Ωz
U
)
(4.21)
where the term 2a2
sin 2θ
sin θ
reduces to 4a2 cos θ when using trigonometrical identities.
Γ(z) =
{
U
[
α
(
1−
πl0
2s
)
− arctan
Ωz
U
]
+Ω
[
z −
πl0(s− ǫ)
2s
−
πǫl0
s
cos θ
]}
πl0 sin θ
π/2 < θ < 0; s− ǫ < z < s (4.22)
Figures 4.7 and 4.8 show plots of Γ2D(z), |Γ3D(z)| and Γ(z) for ǫ = l0 and s. The first
thing we notice is the significantly high Γ3D in the ǫ = l0 case. Obviously, this is a case
where the end section is very small, and its length is the same as the chord length, which
implies that ǫ ≪ s. Here, the three-dimensional circulation is actually very close to the
two-dimensional. Since the total circulation is given by Γ2D − |Γ3D|, Γ(z) becomes very
small. The comparisons with the results from SM are done in the next section. But we can
already conclude that the three-dimensional effects are of major importance in the rotating
case. Neglecting them would lead to very misleading results.
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Figure 4.7: Rotation (FM): Γ2D, Γ3D and
ΓEnd for ǫ = l0
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Figure 4.8: Rotation (FM): Γ2D, Γ3D and
ΓEnd for ǫ = s
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4.2.1 Comparison of SM and FM
We have deduced expressions for the circulation along the sinusoidal end section of a
rotating blade using the simplification and Fourier method. We recall that the SM is an
iterative method where the known Γ2D is used instead of Γ(z) in the three-dimensional
analysis, while the FM solves the lifting-line method in a more accurate way through
Fourier expansions. Thus, we would expect that in cases where Γ3D plays a significant
role, i.e. when the span of the blade section is comparable to the chord length, the results
from the mentioned methods will deviate. This is illustrated properly in Figures 4.9-4.12.
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Figure 4.9: Rotation: ΓFM and ΓSM for ǫ = l0
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Figure 4.10: Rotation: ΓFM and ΓSM for ǫ =
5l0
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Figure 4.11: Rotation: ΓFM and ΓSM for ǫ =
10l0
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Figure 4.12: Rotation: ΓFM and ΓSM for ǫ =
s
It seems from these figures that the SM delivers quite bad results in the short end sec-
tion range. There is an overprediction of the circulation, thus of lift, and consequetly an
underprediction of the noise production, as this one is strongly connected to the jumps
from Γmain to Γend. A possible way of improving this method is to make one or two further
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iterations, i.e. use the computed Γ(z) from the first iteration into the three-dimensional
analysis. the problem is that doing such iterations analytically would be very time con-
suming. So one should consider a numerical approach.
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Summary and Conclusions
All calculations in this thesis have been carried out by hand and only by using the lifting-
line equation presented by Newman [21] as a starting point. In addition to this, the
assumed blade geometries, the idea of using a sinusoidal chord length in order to solve the
LL equation exactly, the idea of incorporating one of the effects of rotation as an inflow
component in the oposite direction of the lift, the method of deviding the effects of rotation
into two parts and the way of presenting and comparing the results, are all authentic to
this study as it has been difficult to find litterature with similar calculations. Thus, very
few comparisons with published studies have been done.
5.1 Summary
In the analytical part of this thesis, the following subjects have been covered
• We have introduced the lifting-line theory and two approaches for sovling the LL
equation, namely the SM and FM.
• We have shown how the LLT can be applied on wings/blades of simple geometries
both in a steady and rotational case
• We have applied the LLT on blades of more plausible geometries in comparison with
todays standards, using both the SM and FM, for both the rotating and non-rotating
cases.
• We have compared the sinusoidal blade end and the quadratic blade end in the non-
rotating case.
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• We have investigated the effects of varying end section length and how these can be
related to shed vorticity and noise production both in the rotating and non-rotating
case.
5.2 Conclusions and Comments
We recall that in the analytical part of the thesis, we considered a uncambered blade
composed of:
• a rectangular main section from z = 0 to z = s− ǫ
• an end section with sinusoidal chord distribution from z = s− ǫ to z = s
• an end section with quadratic chord distribution from z = s− ǫ to z = s
And we have used the SM to decuce expressions for the circulation Γ(z) along the sinusoidal
and quadratic end sections, both for the rotating and non-rotating case. The FM was used
in both mode cases, but only on the sinusoidal end section.
There are a number of dilemmas that make it difficult to discuss the results from the
lifting-line theory before having done a detailed investigation, especially when studying a
rotating lifting surface. It lies in the name of the theory that the LLT presumes a short
chord length in comparison with the span. But at the same time we see that the resulting
circulation is proportional to the chord length, subsequently stating that a longer chord
would provide more circulation and thus greater lift. So from this resoning, we might
argue that for the non-rotating case the lift is greater along the rectangular main section.
As the chord length decreases along the end section, the circulation and thus the lift also
decreases. The results obtained from the non-rotating case actually match this intuitive
thinking. But when it comes to the rotating case, the situation is very different since
we now have a growing inflow towards the tip. This makes such intuitive argumentation
almost impossible. But we have produced some exciting results that are to be commented
further.
5.2.1 Non-Rotating case
The most important results we got from the analysis of the non-rotating blade are listed
below.
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• Decreasing end section length causes increasing three-dimensional effects which basic-
ally means that the circulation Γ3D becomes more significant and the total circulation
along the end is subjected to a corresponding decrease. Consequently, the jump from
Γmain to Γend increases. And this can be related to the noise production.
• Choosing a blade with a short end section would provide more lift since the main
section would be correspondingly long. But this choise would also generate more
noise!
• The SM overpredicts the lift when compared to the FM.
• The quadratic end section provides less lift and more noise than the sinusoidal end
section.
• The relaxed solution that was proposed in order to smoothen out the tip circula-
tion, was found possible to use only when the entire span of the blade/wing was
quadratically loaded.
As mentioned above, most of these results do agree with our intuition. A more detailed
commenting on these conclusive points is done in the next section.
5.2.2 Rotating Case
In this analysis, a great challenge conserning how to include the effects of rotation in the
LLT in the easiest manner arised. We proclaimed early that the correct way was to find
the effective inflow field and angle of attack and implement these into the LLT from the
beginning of the analysis. But the nature of these terms made it difficult to carry out
such a computation analytically. So a method inspired by Prandtl’s asymptotic matching
was employed. We argued that the effects of rotation could be devided into two parts
depending on whether we find ourselves at the limiting near field or the outer field of the
flow problem. This division allowed us to carry out the two-dimensional analysis assuming
that the blade was untwisted making the computations a lot easier. The changing angle
of attack was implemented as a three-dimensional effect.
It is clear from the obtained results, regardless of the employed method, that the most
significant effect of decreasing end section length is the increase of the three-dimensional
contribution Γ3D. There are both mathematical and physical explanations for that. But
generally, when we consider a short end section, we are in reality looking at a lifting
surface of small aspect ratio. We recall that Γ3D is proportional to the chord length l(z),
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thus inversely proportional to the aspect ratio, or O(1/A). Therefore, shorter end section
length means higher three-dimensional circulation. But we also commented on the fact
that, in the rotating case, the three-dimensional effects are significant even when ǫ = s. In
the non-rotating case, ǫ = s would mean basically no three-dimensional effects. So when
we study a rotating blade, the effects of three-dimensionality are important no matter the
ǫ-range meaning that shed vorticity and noise will always be there.
One of the consequences of higher Γ3D is, as we mentioned, larger jumps from Γmain to
Γend. Furthermore, since the circulation need to be conserved, the jumps mean that shed
vorticity is induced and thus noise is beeing produced. The dilemma lies between choosing
a long main section providing great total lift L¯ and a lot of noise, or a long end section
providing less lift but also less noise!
In section 4.2.1 we compared the results from SM and FM and saw some clear differences,
especially in the short end section range. We emphesised early the fact that the Fourier
method is a more accurate method for solving the lifting-line equation when the chord
length is sinusoidal, l(z) = l0 sin θ. Because while the SM iterates with the known Γ2D
in the three-dimensional analysis, the FM uses Fourier expansions in order to describe
the unknown Γ(z). This made us use the results from the FM as a frame of reference.
And the deviations between the methods can be explained by the lack of accuracy in the
SM. We mentioned the possibility to make further iterations in order to make SM more
accurate. But such a process would probably need numerical tools. The illustrative plots
suggested that the SM was overpredicting the circulation and lift which means that it was
underpredicting the amount of noise production. An overprediction in lift would be a fatal
error in the aerospace industy. In the energy industry, this would lead to an overprediction
of the power output, which could be a costly affair.
We also did some comparisons between the steady and rotation cases. We found out
that for a certain end section range, ǫ = (l0, 15l0), the tip effects in form of shed vorticity
were amplified by a factor of 1.55 from the steady case to the rotation case.
5.3 Suggestions for Further Work
During the work on this study, a number of interesting questions arised, but due to the
short amount of time made disponible for this thesis, not all questions were answered.
But these can provide an interesting study path for upcoming work. Some suggestions for
further work are summerized here:
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• Investigate if more iteration in the SM will make the method more accurate.
• Use more reallistic blade geometries and input data.
• Expand the results to consern terms such as: the sectional lift l(z), the total lift L
and lift and drag coefficients Cl and CD.
• Compute the trailing vorticity and the noise production.
• Implement the results into the BEM and find the forces acting on the blade.
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Blade Element Theory (BET) is an analysis method that may be applied to a rotor,
propeller, fan, and even a lightly loaded compressor. BET is the foundation for almost
all analyses of helicopter aerodynamics because it deals with the detailed flow and loading
of the blade. The theory gives basic insights into the rotor performance as well as other
characteristics. William Froude originally conceived of BET in the 1870’s.
Stefan Drzewiecki however, was the first to rigorously examine and apply BET. He per-
formed his work between 1892 and 1920. BET is very similar to the Strip Theory for fixed
wing aerodynamics. The blade is assumed to be composed of numerous, miniscule strips
with width ’dr’ that are connected from tip to tip. The lift and drag are estimated at the
strip using the 2-D airfoil characteristics of the section. Also, the local flow characteristics
are accounted for in terms of climb speed, inflow velocity, and angular velocity. The section
lift and drag may be calculated and integrated over the blade span. BET is a very useful
tool for the engineer. He or she may perform a fairly detailed local analysis of the rotor in
a short amount of time.
In contrast to BET, Momentum Theory is a global analysis which gives useful results
but can not be used as a stand-alone tool to design the rotor. It was originally intended to
provide an analytical means for evaluating ship propellers (Rankine 1865 & Froude 1885).
Later Betz (1920) extended Rankine and Froude’s work to include the rotation of the
slipstream. Momentum Theory is also well known as Disk Actuator Theory. Momentum
Theory assumes that the flow is inviscid and steady, also the rotor is thought of as an
acuator disk with an infinite number of blades, each with an infinite aspect ratio. The
useful results from momentum theory that are applied to BET are listed below
• The downwash is twice as fast as the inflow
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• The ideal power is a simple function of the thrust
• If the downwash is uniform, the ideal power is minimized
• The inflow is a simple function of the thrust
When the two theories are combined, it is possible to evaluate a field of induced velocity
around the rotor or propeller, and therefore correct the inflow conditions assumed in the
basic blade element theory. The induced velocities aren’t known until the blade loads are
computed. With the loading available one can re-compute the field of induced velocit-
ies. This is an iterative method, generally the quantity that is iterated for is the thrust
coefficient. The combined Blade Element Momentum (BEM) Theory is a fairly accurate
analytical tool (for lightly loaded rotors or propellers) that can be used by the engineer
early in the design of a rotor.
Today, wind turbine blade design mainly relies on Blade Element Momentum (BEM)
based methods, using optimisation techniques to obtain optimal chord and twist distri-
butions along the blade once appropriate aerofoils have been chosen. BEM methods are
very fast and reliable in the design process, nevertheless these are limited due to their two
dimensional nature. These codes require tabulated data for the lift, drag and moment
distributions versus the angle of attack to calculate the blade aerodynamic loads. Further-
more, empirical corrections are necessary to account for rotational effects near the root
and three dimensional flows around the tip region.
6.1 The Vortex System of a Wind Turbine
The rotor of a horizontal-axis wind turbine consists of a number of blades, which are shaped
as wings. Due to the rotation of the blades, the local angle of attack α is given by
α = αpitch − φ (6.1)
where αpitch is the pitch of the aerofoil and φ is the flowangle given by (which we previously
termed as αrot)
φ = arctan
Va
Vrot
(6.2)
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where Va is the axial velocity and Vrot is rotational velocity of the flow at the rotor plane.
The free vortex sheet of a rotating blade is oriented in a helical path behind the rotor.
The strong tip vortices are located at the edge of the rotor wake and the root vortices lie
mainly in a linear path along the axis of the rotor.
The vortex system induces velocity components both in the axial, aV0, and the rota-
tional direction, 2a′Ωr. These components are oriented in the opposite direction of the
wind and rotational velocity of the rotor, respectively.
Va = (1− a)V0 (6.3)
Vrot = (1 + a
′)Ωr (6.4)
Where a and a′ are the unknown induction factors. It is the purpose of the blade element
momentum theory to compute them. Once they are known, the local angle of attack given
by eq. (6.1) can be found, and thus the lift and drag can be computed.
6.2 One-dimensional Momentum Theory for an Ideal
Wind Turbine
A wind turbine extracts mechanical energy from the kinetic energy of the wind. In
a simple 1D momentum model, the rotor may be seen as a permeable disc. The disc is
considered ideal, frictionless and there is no rotational velocity component in the wake. The
rotor disc acts as a drag device, slowing the wind speed down from U far upstream from
the rotor to u at the rotor plane, to u1 in the wake. Thus, the streamlines of the wind flow
must diverge as shown in figur 6.1. The drag is created by a pressure drop over the rotor
∆p. Close upstream of the rotor there is actually a small pressure rise from atmospheric
level p0 to p before a discontinious pressure drop ∆p over the rotor. Downstream of the
rotor the pressure recovers continuously to p0, see Figure 6.1.
Because of the assumptions of an ideal rotor, it is possible to derive relationships between
the velocities V0, u1, u, and the thrust T .
T = ∆pA (6.5)
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Figure 6.1: Streamlines and pressure drop
where A = πR2 is the area of the rotor. A relation between ∆p, V0 and u1 is found through
the Bernoulli equation, since the flow is stationary, incompressible and frictionless and no
external forces act on the fluid.
∆p =
1
2
ρ(V 20 − u
2
1) (6.6)
Further, the axial momentum equation is applied to the circular control volume with cross-
sectional area Acv, see figure 6.2, in order to find a relation between u, u1 and V0.
Figure 6.2: Circular control volume around a wind turbine
∂
∂t
∫ ∫ ∫
CV
ρUdV +
∫ ∫
CS
UρV · dA = Fext + Fpres (6.7)
The first term is zero since the flow is stationary and the last term, Fpres, which denotes
the axial component of the pressure forces acting on the control volume, is also zero since
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the pressure has the same atmospheric value on the end planes of equal area. Equation
(6.7) reduces to
ρu21A1 + ρV
2
0 (Acv − A1) + m˙sideV0 − ρV
2
0 Acv = −T (6.8)
From mass conservation we get
ρA1u1 + ρ(Acv − A1)V0 + m˙side = ρAcvV0
⇒ m˙side = ρA1(V0 − u1) (6.9)
and
m˙ = ρuA = ρu1A1 (6.10)
Inseting equations (6.10) and (6.9) into (6.8) yields
T = ρuA(V0 − u1) = m˙(V0 − u1) (6.11)
We know from eq. (6.5) and (6.6) that T can be replaced by 1
2
ρA(V 20 − u
2
1) leading to the
following relation
u =
1
2
(V0 + u1) (6.12)
meaning that the velocity at the rotor plane is given by the mean of the wind speed V0
and the final wake speed u1. From equation (6.3) we get
u = (1− a)V0 (6.13)
and combining this relation with eq. (6.12) gives
u1 = (1− 2a)V0 (6.14)
Since the flow is assumed to be frictionless, we can find an equation for the shaft power
P given by the internal energy balance equation
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P =
1
2
ρA(V 20 − u
2
1) (6.15)
or, by inserting eq. (6.14)
P = 2ρV 30 a(1− a)
2A (6.16)
and thrust T becomes
T = 2aρV 20 (1− a)A (6.17)
The non-dimensional power and thrust coefficients, Cp and CT are defined by
Cp =
P
1
2
ρV 30 A
(6.18)
CT =
T
1
2
ρV 20 A
(6.19)
and thus
Cp = 4a(1− a)
2 (6.20)
CT = 4a(1− a) (6.21)
By differentiating Cp with respect to a and setting the derivative equal to zero
dCp
da
= 4(1− a)(1− 3a) = 0 (6.22)
leads to a peak at a = 1/3. This is an important result that states that the theoretical
maximum value of the power coefficient of an ideal HAWT is Cp = 16/27. This limit is
known as the Betz limit.
Experiments have shown that the simple one-dimensional momentum theory is not valid
for a greater that approximately 0.4. Because when the velocity jump V0−u1 becomes too
high, the free shear layer at the edge of the wake becomes unstable and eddies are formed,
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which transport momentum from the outer flow into the wake leading to a situation called
turbulent-wake state. If momentum theory were valid for higher values of a the velocity in
the wake would become negative. But in reality induction factors higher than 0.4 do exist
for wind turbines operating at low wind speeds. In order to cope with this, a correction
called the Glauert correction is made on the momentum theory. This will be discussed
later.
6.2.1 Effects of Rotation
For an ideal rotor there is no rotation in the wake, i.e. a′ = 0. But obviously, the wake
of a modern wind turbine will possess some rotation. From Euler’s turbine equation (see
Appendix A of [22]) applied to an infinitesimal control volume of thickness dr.
dP = m˙ΩrCθ = 2πr
2ρΩuCθ (6.23)
Here, equation 6.10 has been used. Cθ is the azimuthal component of the absolute velocity
C behind the rotor and it is given by
Cθ = 2a
′Ωr (6.24)
Equation (6.23) may be rewritten as
dP = 4πρΩ2V0a
′(1− a)r3dr (6.25)
Thus, the total power, which is found simply by integrating dP from 0 to R is given by
P = 4πρΩ2V0
∫ R
0
a′(1− a)r3dr (6.26)
and its non-dimensional coefficient Cp takes the form
Cp =
8
λ2
∫ λ
0
a′(1− a)x3 (6.27)
where λ = ωR/V0 is the tip speed ratio and x = Ωr/V0 is the local rotational speed at
radius r, non-dimensionalized with respect to the wind speed V0.
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It is clear that in order to get maximum power, it is necessary to maximize the expression
f(a, a′) = a′(2− a) (6.28)
Which is achieved when df/da = 0.
df
da
= (1− a)
da′
da
− a = 0 (6.29)
or
(1− a)
da′
da
= a′ (6.30)
A relation between a and a′ arises from figure 6.3 and the following equations
tanφ =
a′Ωr
aV0
=
a′
a
x (6.31)
tanφ =
(1− a)V0
(1 + a′)Ωr
=
(1− a)
(1 + a′)x
(6.32)
Figure 6.3: Velocities at the rotorplane
By equating eqs. (6.31) and (6.32), the mentioned relation is given by
x2a′(1 + a′) = a(1− a) (6.33)
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and it can be defferentiated with respect to a
(1 + 2a′)
da′
da
x2 = 1− 2a (6.34)
By combining equations (6.30), (6.33) and (6.34) a expression for a′ as a function of a
arises
a′ =
1− 3a
4a− 1
(6.35)
It can be shown that, as the rotational speed Ω and thus x = Ωr/V0 is increased,
the optimum value of a tends to 1/3, which is consistent with the simple one-dimensional
momentum theory for an ideal rotor. The corresponding values of a′ and x are 0.031 and
2.63, respectively. Glauert [11] compared the optimum power coefficient Cp to the Betz
limit using different tip speed ratios λ = ΩR/V0 and found out that they converged as
λ→ 10.
6.3 The Blade Element Momentum Theory
In this section the classical blade element momentum method (BEM) from Glauert [11] will
be shown. In the one-dimensional momentum theory that was introduced earlier, the actual
geometry of the rotor was not considered, i.e. the number of blades, the twist, camber and
chord distribution. The blade element momentum method couples the momentum theory
with the local events taking place at the actual blades.The streamtube shown in figure 6.2
is discretized into N annular elements of height dr, as shown in figure 6.4.
In the BEM model it is assumed
• That the lateral boundaries of each element is formed of streamlines allowing no flow
across the elements
• The flow at one element does not affect the flow at an adjacent element, i.e. no radial
dependency
• The force from the blades acting on the flow is constant in each annular element.
This corresponds to a rotor with an infinite number of blades
67
Chapter 6. Blade Element Theory
Figure 6.4: Annular element of height dr
Obviously, the latter assumption needs to be corrected in order to carry out calculation
for a rotor with a finite number of blades. This is done by using Prandl’s tip-loss factor
that will be introduced later.
In the 1-D momentum theory, it was shown that the pressure distribution along the
curved streamlines enclosing the wake does not give an axial force component. And now,
it is assumed that this is also the case for the annular control volume shown in Figure 6.4.
The thrust from the disc on this control can then be found from the integral momentum
equation (6.7) since the cross-section area of the control volume at the rotor plane is 2πrdr
dT = m˙(V0 − u1) = 2πrρu(V0 − u1)dr (6.36)
The torque dM on the annular element is found using the integral moment of momentum
equation
M =
∫ ∫
CS
r×VρV · dA (6.37)
by setting the rotational velocity upstream of the rotor to zero and to Cθ in the wake
m˙rCθ = 2πr
2ρuCθdr (6.38)
This could also be seen directly from Euler’s turbine equation (6.23).
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For the ideal rotor it was found that the axial velocity in the wake u1 could be expressed
in terms of the axial induction factor a and the wind speed V0 as u1 = (1 − 2a)V0. This
expression is also valid to a good approximation for a rotor with swirl in the wake. By
introducing this expression together with the definitions of a and a′ into both eq. (6.36)
and (6.38), these can be rewritten as follows
dT = 4πrρV 20 a(1− a)dr (6.39)
and
dM = 4πr3ρV0Ω(1− a)a
′dr (6.40)
dT and dM are found from the local flow around the blade.
It should be recalled that the lift by definition is perpendicular to the velocity seen by
the aerofoil and the drag is parallel to the same velocity. In the case of a rotor this velocity
is Vrel which can be expressed in terms of the axial and tangential wake velocities (1−a)V0
and (1 + a′)Ωr
Vrel sinφ = V0(1− a) (6.41)
and
Vrel cosφ = Ωr(1 + a
′) (6.42)
We recall that
φ = arctan
(1− a)V0
(1 + a′)Ωr
(6.43)
The sectional lift and drag are by definition given by
L(r) =
1
2
ρV 2rell0Cl(r) (6.44)
and
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D(r) =
1
2
ρV 2rell0Cd(r) (6.45)
where l0 denotes the chord length while Cl(r) and Cd(r) denote the lift and drag coefficients
respectively. In the BEM method it is assumed that Cl(r) and Cd(r) are known from
experience and experiments. This particular assumption is one of the limitations of the
BEM method.
Since we are interested only in the forces normal to, FN , and tangential to, FT , the
rotorplane, the lift and drag are projected onto these directions; see Figure 6.5
Figure 6.5: The local forces at rotorplane
FN and FT are normalized with respect to
1
2
ρV 2rell0 in order to use Cn and Ct. From the
figure we see that Cn an dCt are given by
FN = L cosφ+D sin φ (6.46)
and
FT = L sinφ−D cos φ (6.47)
Our goal is to relate dT and dM to FN and FT in order to have closed expressions for
a and a′. First we need to introduce solidity σ(r) which is defined as the fraction of the
annular area in the control volume that is covered be the blades
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σ(r) =
l(r)B
2πr
(6.48)
B denotes the number of blades while l(r) is the local chord length. Since FN and FT are
forces per unit length, the normal force and the torque on the control volume of thickness
dr are
dT = BFNdr (6.49)
and
dM = rBFTdr (6.50)
If the expression for Vrel and
Cn =
FN
1
2
ρV 2rell0
(6.51)
and
Ct =
FT
1
2
ρV 2rell0
(6.52)
are used instead of FN and FT , then equations (6.49) and (6.50) can be rewritten
dT =
1
2
ρB
V 20 (1− a)
2
sin2 φ
l0Cndr (6.53)
and
dM =
1
2
ρB
V0(1− a)Ωr(1 + a
′)
sinφ cosφ
l0Ctrdr (6.54)
By equating the deduced expressions for dT , thus equations (6.39) and (6.53), and the
expressions for dM , thus equations (6.40) and (6.54), and inserting the solidity equation,
a definition of the axial and tangential induction factors a and a′ are obtained
a =
1
4 sin2 φ
σCn
+ 1
(6.55)
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and
a′ =
1
4 sinφ cosφ
σCt
− 1
(6.56)
With these two factors defined, all the necessary terms are now been introduced. And
the BEM method can be used by following an algorithm of eight steps. Since the different
control volumes are assumed to be independent, each strip can be treated separately and
the solution at one radius can be computed before solving for another radius, i.e. for each
control colume the following algorithm is applied
1. Initialize a and a′, typically a = a′ = 0
2. Compute the flow angle using
φ = arctan
(1− a)V0
(1 + a′)Ωr
(6.57)
3. Compute the local angle of attack α = φ− θ
4. Read CL(r, α) and Cd(r, α) from table
5. Calculate a and a′ from equations (6.55) and (6.56)
6. If a and a′ have changed by more than a certain tolerance, go to step 2 or else finish
7. Compute the local forces on the segment of the blades
This is in principle the BEM method, but, in order to get good results, it is necessary
to apply two corrections to the algorithm. The first is the Prandtl tip-loss factor, which
corrects the assumptions of an infinite numer of blades. The second correction is called the
Glauert correction and is an empirical relation between the thrust coefficient CT and the
axial induction factor a for a > 0.4 where the relation derived from the one-dimensional
momentum theory is no longer valid. Each of these corrections will be treated in seperate
sections.
6.3.1 Prandtl’s Tip-Loss Factor
Prandl’s tip-loss factor corrects the assumtion of an infinite number of blades. The vortex
system in the wake is different for a rotor with a finite number of blades from a rotor with
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an infinite number of blades. Prandtl derived a correction factor F to equations (6.39) and
(6.40)
dT = 4πrρV 20 a(1− a)Fdr (6.58)
and
dM = 4πr3ρV0Ω(1− a)a
′Fdr (6.59)
where
F =
2
π
cos−1(e−f) (6.60)
and
f =
B(R− r)
2r sin φ
(6.61)
B is still the number of blades and R is the overall radius of the rotor. So instead of using
the proposed expressions for a and a′ in equations (6.55) and (6.56), one should use
a =
1
4F sin2 φ
σCn
+ 1
(6.62)
and
a′ =
1
4F sinφ cosφ
σCt
− 1
(6.63)
in step 6 of the BEM algorithm. It should also be added a new step after step 2 where F
is computed.
6.3.2 The Glauert Correction For High Values of A
We have already mentioned that according to the momentum theory, the theoretical max-
imum value of the axial induction factor is a = 1/3. And experiments have shown that
the assumptions of an ideal wind turbine are only valid for a < 0.4 and that the simple
momentum theory breaks down for values of a larger than 0.4. But for wind turbines
operating at low wind speeds, the axial induction factor can actually surpass 0.4. That’s
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why Glauert [11], deduced an empirical correction to the theoretical momentum theory.
This was done by making different empirical evaluations of the thrust coefficient CT so
they could fit with measurments; for example
CT =
{
4a(1− a)F a ≤ 1
3
4a(1− 1
4
(5− 3a)a)F a > 1
3
(6.64)
or
CT =
{
4a(1− a)F a ≤ ac
4(a2c + (1− 2ac)a)F a > ac
(6.65)
The last expression is given by Spera [27] and ac is approximately 0.2. F is the Prandl
tip-loss factor. CT is by definition
CT =
dT
1
2
ρV 20 2πrdr
(6.66)
When inserting the expression for dT from equation (6.53), then CT takes the form
CT =
(1− a)2σCn
sin2 φ
(6.67)
And by equating this expression for CT with the emperical expressions in (6.65) then two
new relations for a are found
a =
1
4F sin2 φ
σCn
+ 1
, a ≤ ac (6.68)
and
a =
1
2
[
2 +K(1− 2ac)−
√
(K(1− 2ac) + 2)2 + 4(Ka2c − 1)
]
, a > ac (6.69)
where
K =
4F sin2 φ
σCn
(6.70)
This new axial induction factor is used when computing the induced velocities correctly
for small wind speeds.
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6.4 Limitations of BEM and the Connection to the Lift-
ing Line Theory
The BEM method is a simple and fast method that is widely used in different aspects of
wind turbine blade design, such as prediction of aerodynamical forces and moments and
power output and efficiency. Nevertheless the BEM possesses obvious limitations due to its
two-dimensional nature. Not to remention the fact that that this method requires tabulated
data for the lift, drag and moment distributions. Furthermore, empirical corrections are
necessary to account for low wind speed effects and three dimensional flows around the tip
region.
It is now clear that the BEMmethod and the lifting-line theory are two theories/methods
with different goals. A combination of the Lifting-Line Theory and the BEM method is
both possible and can be an interesting thought. The LLT can be applied to compute the
required lift and drag coefficients Cl and Cd that are needed in the algorithm of BEM. As
of today, these quantities are mainly obtained from experiments.
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Glauert Integral
The evaluation of the integrals that accur in the calculation of the circulation for a blade of
sinusoidal chord length need special care. In the book written by Glauert [11], it is shown
how the original Glauert integrals are computed. The same method is used here.
−
∫ π/2
0
cos θ′
cos θ′ − cos θ
dθ′ = −
∫ π/2
0
cos θ′ − cos θ
cos θ′ − cos θ
dθ′ + cos θ −
∫ π/2
0
dθ′
cos θ′ − cos θ
=
π
2
+ I0 cos θ (6.71)
The integrals that are shown here are often singular. The denominator of the integrand
vanishes at the point θ = θ′ of the range of integration. It is therefore necessary to obtain
the value of the singular integral by integrating from 0 to (θ − ǫ) and from (θ + ǫ) to π/2
and by taking the limit as ǫ tends to zero. I0 is
Ia =
∫ θ−ǫ
0
dθ′
cos θ′ − cos θ
=
[
1
sin θ
log
sin 1
2
(θ + θ′)
sin 1
2
(θ − θ′)
]θ−ǫ
0
=
1
sin θ
[
log sin(θ −
1
2
ǫ)− log sin
1
2
ǫ
]
(6.72)
Ib =
∫ π/2
θ+ǫ
dθ′
cos θ′ − cos θ
=
[
1
sin θ
log
sin 1
2
(θ + θ′)
sin 1
2
(θ − θ′)
]π/2
θ+ǫ
=
1
sin θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
+ log
sin
(
θ − ǫ
2
)
sin
(
θ + ǫ
2
)
]
(6.73)
76
6.4. Limitations of BEM and the Connection to the Lifting Line Theory
I0 = lim
ǫ→0
(Ia + Ib) =
1
sin θ
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
(6.74)
So finally, we can write
I1 =
π
2
+ cot θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
]
(6.75)
More generally if n≫ 1
In+1 + In−1 = −
∫ π/2
0
cos(n+ 1)θ′ + cos(n− 1)θ′
cos θ′ − cos θ
dθ′
= −
∫ π/2
0
2 cos θ′ cosnθ′
cos θ′ − cos θ
dθ′
= −
∫ π/2
0
(
2 cosnθ +
2 cosnθ′ cos θ
cos θ′ − cos θ
)
= 2 cos θIn (6.76)
The third step was done by adding −2 cosnθ′cosθ + 2 cosnθ′cosθ
The following explicit equation is to be solved in order to find In for higher n’s.
In+1 − 2In cos θ + In−1 = 0 (6.77)
We are interested in I2
I2 = 2I1 cos θ − I0 (6.78)
Inserting the expressions for I1 and I0 we get
I2 = π cos θ +
cos 2θ
sin θ
[
log
cos θ
2
+ sin θ
2
cos θ
2
− sin θ
2
]
(6.79)
Figure 6.6 shows plots of I0, I1 and I2.
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Figure 6.6: A plot of the solutions to the Glauert integrals with the domain 0, π/2
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